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Abstract

We derive results in the ergodic theory of symbolic dynamical systems.

Our first result concerns p-expansions of real numbers. We show that for a fixed

18]
-1

(1, ,x,) that can be extended to S-expansions of x grows at least exponentially

non-integer § > 1 and a fixed real number z € [0, }, the number of words

n n.

Our second result concerns definitions of topological pressure for suspension flows
over countable Markov shifts. Previously, topological pressure had been considered
for a restricted class of suspension flows upon which the thermodynamic formalism
can be well understood using the base transformation. We consider a more general
class of suspension flows and show the equivalence of several natural definitions of
topological pressure, including a definition analogous to that of Gurevich pressure

for a Markov shift.

Our third result concerns zero temperature limit laws for countable Markov shifts.
We show that for a uniformly locally constant potential f on a topologically mix-
ing countable Markov shift satisfying the big images and preimages property, the

equilibrium states p; s associated to the potential ¢ f converge as ¢ tends to infinity.

Finally we consider the image under a one-block factor map II of a Gibbs measure p
supported on a finite alphabet Markov shift. We give sufficient conditions on II for
the image measure I1*(u) to be a Gibbs measure and discuss regularity properties of
the potential associated to IT*(u) in terms of the regularity of the potential associated

to u.

vi



Chapter 1

Introduction

The work in this thesis concerns ergodic theory for symbolic dynamical systems.
Basic definitions and theorems relevant to the work are given in chapter 2 and
results are presented in chapters 3 to 6, each of which discusses a different problem
and can be read independently of the others. In this chapter we give a brief outline
of the questions considered in the work. Further introduction and motivation can

be found at the beginning of each chapter.
Counting [f-expansions:

In chapter 3 we discuss [-expansions of real numbers. Chapter 3 is rather different
in nature to the other chapters in this work as it does not concern thermodynamic
formalism. Furthermore, while the question that we answer is one about a symbolic
space, the space is not Markov and our method of study is not typical of the methods
of symbolic dynamical systems. It does however serve to highlight the link between
symbolic and non-symbolic dynamical systems, providing further motivation for the

study of Markov shifts later in the thesis.

Given a real number § > 1, a -expansion of x € [O, %] is a sequence (z,)>, €



{0,1,---, | 8]} such that

o
xr = Z B
n=1

For non-integer 5 > 1 and typical = € [0, %] there are uncountably many /-
expansions of z. In [SF], Feng and Sidorov defined N, (z; /) to be the number of

words of length n that can be extended to S-expansions of x, and proved that, for
1+ /5
f<—

, there exists a positive constant ¢ > 1 such that

1
liminf — log V,,(z; 5) > c.
n

n—oo

We extend the above result to all non-integer 5 > 1, giving a positive answer to a

question posed in that paper.
Thermodynamic Formalism and Symbolic Dynamical Systems:

The work of chapters 4, 5 and 6 concerns thermodynamic formalism for symbolic
dynamical systems. In chapters 5 and 6 we consider Markov shifts, which provide
symbolic models for a wide variety of dynamical systems including hyperbolic auto-
morphisms of the torus, certain billiard maps and the Gauss map. In chapter 4 we
consider suspension flows over Markov shifts, which provide models for continuous
dynamical systems such as the geodesic flow on the modular surface and the Te-
ichmiiller flow. Through studying these symbolic models one is able to gain a great

deal of understanding about the original dynamical systems being modelled.

Ergodic theory has its origins in statistical mechanics and the study of the long
term behaviour of systems of large numbers of particles. In such systems precise
computation of the behaviour of each particle may be unfeasible, but through the
ergodic theorems one is able to gain an understanding of the long term behaviour of a

typical point and link the macroscopic behaviour of the system with the microscopic



laws governing individual particles. When we refer here to a typical point, we
mean almost every point with respect to some suitable measure invariant under the
transformation, but this leads to the question, with respect to which measure should
one use the ergodic theorem? The empirical data available to physicists led them

to the conclusion that the Gibbs measure is the most suitable such measure.

In the 1950s, Ruelle and Sinai translated the idea of the Gibbs measure to the
setting of dynamical systems. The body of research based around this idea became
known as thermodynamic formalism. Thermodynamic formalism has been used to
great effect in the study of dynamical systems, for example in understanding the
behaviour of hyperbolic flows, where through symbolic dynamics techniques one
is able to construct Gibbs measures and prove various results such as exponential

decay of correlations.
Topological Pressure for Suspension Flows over Countable Markov Shifts:

The notion of topological pressure, which is of crucial importance in the development
of thermodynamic formalism, is well understood for topologically mixing flows and
transformations on compact spaces. It has several equivalent definitions which, in
general, are no longer equivalent if the underlying space is non-compact, and so
there exist various different notions of pressure for flows and transformations on
non-compact spaces. In the case of topologically mixing countable Markov shifts

(X3, 0), Sarig proved in [Sar99] that the following notions are equivalent.

1 n
Ppg) = lim —log | > exp(g”(x))xi(z)
o (z)=x

= sup{hu(o)+ /gdu|,u eM,, [ gdp > —o0}

= sup{P,(g9|K)| K is a compact invariant subset of 3},



where M, is the set of ¢ invariant measures on the Markov shift ¥, ¢"(z) :=
ZZ;& g(o*(x)) and a is allowed to be any letter of A. The choice of a does not

affect P,(g). P, is known as Gurevich pressure.

The results in [Sar99] have led to a large volume of work studying the thermody-
namic properties of transformations on non-compact spaces that can be modelled

by countable Markov shifts.

In chapter 4 we introduce a natural analogue of Gurevich pressure for suspension
flows over countable Markov shifts. Previously a definition of topological entropy for
suspension flows over countable Markov shifts with locally constant roof function was
given by Savchenko in [Sav98|. Subsequently, a definition of topological pressure was
given by Barreira and Tommi in [BI06] for suspension flows with Holder continuous
roof functions that are bounded away from zero. We extend the definitions of
Savchenko and of Barreria and Iommi to a wider class of suspension flows, and

show their equivalence to our generalised Gurevich pressure.

We prove that, for a suspension flow (X7, ¢) over base ¥ with roof function f :
¥, — R and for suitable conditions on f and g, the following notions of topological

pressure are equivalent.

Py(g) = lim %bg >, o ( /0 sg(aﬁk(z, 0))dk’) Xfa)(2)

t—o00
¢S (270):(§70)a8§t

= sup Py(g|K)
Kelsz

=inf{t e R: P,(A;, —tf) <0} =sup{t €e R: P,(A, —tf) >0}

= sup{h,(¢) + /gdz/ cv e &y, /gdu > —o0}

where a is any element of A, & is the set of ergodic flow invariant probability vectors

on X and Ky, is the set of compact flow invariant subsets of 3.



As an application we consider the entropy of the positive geodesic flow on the

modular surface.
Zero Temperature Limit Laws:

In chapter 5 we consider Gibbs measures on a countable Markov shift >. Under
suitable conditions on f and X, there exists a unique Gibbs measure p;s associated
to the potential ¢f for each ¢t > 1. Then given a sequence t,, — 00, one can ask
what happens to the sequence p,r. In statistical mechanics this corresponds to
studying a system of particles at temperature i as t, — oo, and so limit points
of the sequence i, ¢ are referred to as zero temperature limits. Zero temperature

limit laws are also of relevance to ergodic optimisation, since any limit point p of

the sequence fi, f will be a maximising measure for f.

We prove that, given a uniformly locally constant potential f : 3 — R on a countable
Markov shift and suitable conditions of f and ¥ to ensure the existence of the Gibbs
measures /¢, the sequence p, ¢ converges in the weak™ topology for any sequence

t, — oo.
Factors of Gibbs measures:

There are many natural situations in which one is required to study factors of Markov
shifts. For example, if a Markov system is subject to imperfect observation under
which two or more states are indistinguishable, then one observes only some factor
transformation on the space of equivalence classes of indistinguishable states. This
observed transformation may no longer be Markov. If the original transformation
preserved an invariant Gibbs measure then it may be natural to study the properties
of the observed transformation with respect to the original Gibbs measure projected

on to our factor space.

In chapter 6 we consider the images under factor maps Il of Gibbs measures sup-



ported on finite alphabet Markov shifts. We give sufficient conditions on II for the
image measure to be a Gibbs measure, and discuss the regularity of the potential
associated to the image measure in terms of the regularity of the potential associ-
ated to the original measure. We also give an example of a mapping which does not
satisfy our conditions and for which the image measure is not a Gibbs measure. This
generalises work by Chazottes and Ugalde in [CU03] and [CU11], and by Verbitskiy
in [Verll].



Chapter 2

Preliminaries

In this chapter we introduce some basic definitions and theorems for dynamical
systems and ergodic theory. Given a space X, we will be interested in the behaviour
of transformations 7" and flows ¢ on X. A flow ¢ : X x R — X is a function such
that for each t € R, ¢y(x) := ¢(z,t) is a transformation on X. Flows must also be
continuous in ¢ and satisfy ¢g(x) = z and ¢, 4(x) = ¢s(d(2)) for all s,¢ € R and

x € X. Pairs (X,T) and (X, ¢) will be called dynamical systems.

We let the triple (X, B, i) denote a space X, the o-algebra B of measurable subsets

of X, and a measure p on X.

Let T : X — X be a transformation. Given a set A € B we define the set T71(A) :=
{z € X|T(x) € A}. T is said to be measurable if T-}(A) € B for all A€ B. T
is said to preserve measure ju if u(T71(A)) = u(A) for all A € B. The set of all
measures g invariant under 7" is denoted M. For transformations 7' preserving a

finite measure p we have the following theorem.

Theorem 2.0.1 (Poincaré recurrence theorem). Let T : (X, B, u) — (X, B, 1)
be a measure preserving transformation with u(X) < oo and suppose that A € B

has p(A) > 0. Then for almost every x € A, T"(x) € A for infinitely many n € N.



A measure preserving transformation 7" : (X, B, u) — (X, B, p) is called conservative
if for any set A with p(A) > 0 and for almost every = € A there exists an n € N such
that 7" (x) € A. Any transformation preserving a finite measure is automatically

conservative by the Poincaré recurrence theorem.

A measure preserving transformation 7' : (X, B, ) — (X, B, i) is said to be ergodic
if for all A € B with T7!(A) = A we have u(A) = 0 or u(A°) = 0. Perhaps the most

famous result of ergodic theory is the Birkhoff ergodic theorem:

Theorem 2.0.2 (Birkhoff ergodic theorem). Let T : (X, B, u) — (X, B, p) be an

ergodic measure preserving transformation with u(X) = 1. Then for all f € L' (1),
1 n—1
i >~ F(T) = [ fd
for almost every x (with respect to ).

There are alternative statements of the theorem that do not require 7" to be ergodic
or u(X) to be finite, but we shall use only this standard form. Sometimes we will

require the following two topological notions.

A measurable transformation 7" : (X, B) — (X, B) is said to be topologically tran-

sitive if for all open sets A, B € B there exists an n € N such that

T=(A)N B # ¢.

T is said to be topologically mixing if for all open sets A, B € B there exists an

N € N such that for all n > N we have

T7"(A)N B # ¢.



Clearly if a transformation is topologically mixing then it is also topologically tran-

sitive.

2.1 Topological Markov Shifts

Topological Markov shifts are symbolic dynamical systems which are useful models
for various other dynamical systems. In this section we define them formally and

introduce some structure on the space X.

Definition 2.1.1. Given a finite or countable alphabet A= {1,--- k} or N and a
matriz M of zeros and ones with rows and columns indexed by A, we define the one

sided topological Markov shift (X, 0) to be the shift space

Yo={x = (1), € A% : My, = 1Vi € Z,}

i Li4+1
together with the transformation o : ¥ — 3, o(xoxy -+ ) = (T122- -+ ).

We call a finite word z, - - -z, admissible if M, ,,.1 = 1 for i € {m,--- ,n —1}.
Given an admissible word z,, - - - x,, we define the cylinder set [z, - - - z,] to be the
set of sequences y = (y:)2, € ¥ satistying ypm -+ Yn = Ty -+ T,. We sometimes
write x,, - - -z, € X to mean x,,---x, is an admissible word, but it will always be

clear whether we are discussing infinite sequences or finite admissible words.
We define a metric on ¥ by d(z, Q) — 9— inf{n€ZiwnFyn}

The metric d defines a topology on Y. The o-algebra of open sets is generated by

the set of cylinder sets. ¥ is compact if A is finite and non-compact if A is infinite.



We further define the n-th variation of a function ¢ : ¥ — R by

var,(v) = sup{|v(z) — YY) 12,y € X, 20 Tp1 = Yo Yn1} forn >1

and varo(y) = sup{[y(z) — P(y)| : 2,y € E}.

For a continuous function ¢ we have lim,,_,, var,(¢)) = 0. The speed of this conver-
gence gives us the regularity of the function. In particular a function ¢ : ¥ — R is
Holder continuous if there exist constants ¢ > 0 and 6 € (0, 1) such that var,(y) <
cf" for all n > 0, and is called weakly Holder continuous if var, () < c¢6™ for all

n > 1.

There are two commonly used definitions of summable variation for a function v :
Y — R which are not equivalent if A is not finite. The first convention defines
to have have summable variation if >~ var, (1) < oo, while the second requires
the extra condition that vary(¢) < oo, i.e. that ¢ is bounded. We follow the first
convention, and should we require a particular function of summable variation to

also be bounded we shall state so explicitly.

One sided Markov shifts are not invertible and so we define two sided Markov shifts,

which are their natural extension.

Definition 2.1.2. Given A and M as in the definition of one sided Markov shifts,
we define the two sided Markov shift associated to M as the set of sequences {x € A”
such that M,

TiTi41

=1 for all i € Z} together with the shift operator o((x;)icz) =

(xi+1>i€Z-

In the case of two sided Markov shifts (X,0) and ¢ : ¥ — R, we define d(z,y) =

92— inf{n€Z:x—n-TnFY—n--ynt and

vary () = sup{|(z) = ()] 2,y € X2 o)+ Tnt = Yo(no1) Y}

10



Summable variation and Holder continuity are defined using the metric d as with

the one sided shift.

2.1.1 Suspension Flows

In the study of continuous time dynamical systems 1 on a space X, it is often
useful to take a Poincaré section A C X and study the properties of the induced
transformation on A. We can define A, := {z € A: ¢4(z) € A for infinitely many
t>0}and T': A — As by T'(z) = ¢y (z) where t = f(x) = inf{s > 0 : ¢5(z) €
Xy}, which is always finite. Intelligent choices of A may yield a comparatively simple
induced transformation from a complicated flow, and many properties of the flow
can be inferred from properties of T. However since T" does not tell us how long
it took to flow from x to T'(x), certain properties of the flow, such as return time
statistics, cannot be studied purely through the study of T'. To this end, we define

the space

A ={(z,y) v € Ax,0 <y < f(x)}.

We define the flow ¢ on Ay by

gbt(x?y) = (I’y + t)

for y+t € [0, f(z)) and extend this to a flow for all time ¢ using the identification
(x, f(x)) = (T(x),0). The flow ¢ is called the suspension flow over A with roof
function f. The study of the suspension flow ¢ may allow us to prove results about

the original flow .

11



2.2 Thermodynamic Formalism

The ergodic theorem gives a good description of the behaviour of a transformation
T with respect to an ergodic invariant measure ;. However there are many further
questions that we can ask. Is there a rate of convergence in the ergodic theorem?
With respect to which invariant measure is it most natural to apply the ergodic the-
orem in order to measure the long term behaviour of 77 What can be said topologi-
cally about the set of points for which the ergodic averages lim,, o = ZZ;& f(T*(x))
do not converge to [ fdu? The notions of entropy, pressure and the Gibbs measure,
which are generalisations of concepts from statistical mechanics, have been of crucial
importance in developing answers to these questions. The body of research studying
the properties of dynamical systems using these notions is termed thermodynamic
formalism. We introduce some key ideas from thermodynamic formalism for use

later, more comprehensive introductions can be found in [Wal82, Sar].

2.2.1 Metric Entropy

Kolmogorov-Sinai entropy, or metric entropy, was introduced by Kolmogorov in
1958 as a measure of the complexity of a transformation 7" : X — X with respect
to some invariant measure pu. The definition that we give is a refinement by Sinai

of Kolmogorov’s original definition.

Definition 2.2.1. Let T' be a measure preserving transformation of the finite mea-
sure space (X, B,u) and A = {Ay, -+, Ay} be a finite measurable partition of X.

We define the entropy of the partition A by

12



We further define the entropy of the transformation T with respect to partition A

as
‘ 1 n—1 B
h(T’A):Jg?oEH(i\:/OT (A)

where T~*(A) is the partition {T~"(A;),j € {1,--- ,k}} and the elements of\/?;o1 T (A)
are sets of the form ﬂ?;ol T~'A; forj, e {l,---  k}.

Finally, we define the metric entropy of T', h,(T), to be the supremum over all finite

measurable partitions A of X of the quantity h(T, A).

This definition was extended by Krengel in [Kre67] to spaces (X, T, u) for which

(X)) is conservative but need not be finite by defining
hy(T) = sup{hy, (Tle.): £ CX,0<pu(E) < oo}

Here E, = {z € £ : T"(x) € E for infinitely many n € N}, plg (A) := pu(Ex N
A) = p(E N A) since T,y is conservative, and T'|g,_ : Esx — E is the induced

transformation

T, (x) :=T"(z),
where n = n(z) := min{m > 1:T"(x) € E,}.

We call a set £ C X a sweep out set if almost every point of X enters E infinitely
often under the action of T. If T is conservative and ergodic then every set of
positive measure is a sweep out set. It was proved by Krengel in [Kre67] that

hu(T) = hy, (T|g) for any sweep out set E.

13



2.2.2 Topological Entropy and Pressure

The following sequence of definitions defines topological pressure for a transforma-
tion 7' on a compact metric space (X,d). While the definition uses the metric d,
any two metrics d and d' inducing the same topology will give the same value for
the pressure of a function, and thus pressure is a topological invariant, see [Wal82]

for details.

Definition 2.2.1. Let T be a topologically mizing transformation of a compact

metric space X. We let dynamical balls be defined by

Bu(z,6) :={y € X : d(T"(z), T"(y)) < e Vi € {0,--- ,n— 1}}.

A set S is said to be an (n,e€)-spanning set if |J,.q Bn(z,€) covers X. For g €
C(X,R), n e N and e > 0 we let

Qn(T,g,€) = inf {Zexp )| S is an (n,€) spanning set for X}

eSS

where g"(x) == S 1—0 g(T*(x)). We let

Q(T,g,€) = limsup — Qn(T g €).

n—o0

Finally, we define the topological pressure of a function g € C(X,R) by

PT(g) = lg%Q(Tagv E)'

Topological pressure is a natural generalisation of the earlier notion of topological

entropy. We define the topological entropy h(7T) of a topologically mixing transfor-

14



mation 7" of a compact metric space X by

h(T) := Pr(0).

Where there is no confusion about the transformation 7" we write P(g) instead of
Pr(g). P(g) takes values in (—o00,00]. The following theorem gives an equivalent

formulation of topological pressure, see ([Wal82]).

Theorem 2.2.1 (The Variational Principle). Let T be a topologically mizing

transformation of a compact metric space X and g € C(X,R). Then

Pr(g) = sup{h,(T) + /gdu\u e Mr}.

In particular, by putting ¢ = 0 this gives us that topological entropy is the supremum

over all invariant probability measures of the Kolmogorov-Sinai entropy.

In [Bow70], Bowen showed that the topological entropy of an Axiom A diffeomor-
phism is equal to the growth rate of the number of periodic orbits. This has been
extended to deal with topological pressure and shown to be true for various classes

of dynamical system, we state it in terms of finite alphabet Markov shifts.

Theorem 2.2.2. Let (X,0) be a topologically mizing finite alphabet Markov shift
and g € C(X,R). Then

Plg) = Tim ~log [ 30 exply"(@)

n—oo M
z€X:0m (z)=

The above definitions and theorems relating to pressure have been for topologically
mixing transformations of a compact metric space. In general, pressure does not

behave so well on non-compact spaces. Generalisations of definition 2.2.1 to non-

15



compact spaces need not satisfy the variational principle. Indeed, an example was
given by Salama in [Sal88] to show that topological pressure as defined by definition
2.2.1 is no longer a topological invariant for non-compact spaces, because using
definition 2.2.1 it is possible for two different metrics inducing the same topology
to give different values of Pr(g). For this reason, generalisations of the notion of
topological pressure to non-compact sets or non-invariant subsets of a compact set
tend to use the ideas of theorems 2.2.1 and 2.2.2 or ideas from dimension theory
to define pressure. Various such definitions have been given by Bowen [BowT73],
Pesin and Pitskel [PP84], Sarig [Sar99] and Thompson[Tholl]. In particular, the
definition by Sarig of Gurevich pressure for countable Markov shifts will be used

throughout the thesis.

Definition 2.2.2. Given a mizing subshift of finite type X with finite or countably
infinite alphabet A and a weakly Holder continuous function g : ¥ — R, the Gurevich

pressure of g is defined as follows.

1 n
Ppg) = Jim —log | > exp(g”(x))xi(z)
o"(z)=x

where a is allowed to be any element of A. The choice of a does not affect P,(g).

Two further properties of P, were proved in [Sar99].

Theorem 2.2.3. For (3,0) and g as in Definition 2.2.2,

Py(g) = sup{hu(T) +/gdu|u € Mo, [ gdp > —oo}

= sup{P,(g|K)| K is a compact invariant subset of $}.

Here P,(g|K) means the topological pressure of g|K on the space K C X.

Thus, in the case that A is finite (and hence ¥ is compact), P, coincides with
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the classical definition of pressure. The restriction of the variational principle to
measures for which [ gdu > —oo0 is to avoid the situation that h, = co and [ gdu =

—00, in which case the sum h, + [ gdu is not defined.

2.2.3 Gibbs Measures and Equilibrium States

Gibbs measures, which are defined for topological Markov shifts as follows, are an
important class of invariant measure. There are also non-invariant notions of Gibbs

measure, but for our purposes Gibbs measures are defined to be invariant.

Definition 2.2.3. We call an invariant measure p supported on shift space ¥ a
Gibbs measure if there exists a function f : ¥ — R and constants C,Cy > 0 such

that
Cl < M[xo oo wn_l]

— exp(f*(z) — nb(f))

forallz € ¥, where f(z) := S"1—y f(o*(z)) and [x¢- - - 2, 1] = veX: iy Yo =

< Gy (2.1)

Xo - ."L‘nfl}'

We call p the Gibbs measure associated to potential f. It is a consequence of
the above definition that any potential f associated to a Gibbs measure p must
be continuous. If A is finite and (X, o) is topologically mixing then there exists a
unique Gibbs measure associated to each Holder continuous function f : ¥ — R.
Furthermore, each such Gibbs measure is also an equilibrium state for f, defined as

follows:

Definition 2.2.4. Given a Markov shift (¥,0) and a function f : ¥ — R, we call

a measure p € M, an equilibrium state if
h,, +/ fdp = sup{h,(T) + / fdv:v e ./\/lg,/ fdv > —oo}.
b b )
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If A is infinite then Gibbs measures and equilibrium states may no longer exist, and
it is possible that Gibbs measures exist but equilibrium states do not or vice versa.
The following condition on a Markov shift (2, o) is important for the existence of

Gibbs measures.

Definition 2.2.5. We say that a Markov shift (3,0) over countable alphabet A
satisfies the big images and preimages property (BIP) if there exists a finite set
T C A such that for any pair a,b € A there exists some i € T such that aib is an

admissible word.

In [MUO1], Mauldin and Urbanski proved that if (X,0) is a topologically mixing

BIP shift, f : ¥ — R has summable variation and

> exp(sup f) < oo,
icA
then P,(f) < oo and there exists a Gibbs measure 1y associated to f. There is no

requirement that f should be bounded. It was further shown in [MUO1] that if we

also have that

> " sup(f]g) exp(sup fg) < oo,

icA
then 7 is also an equilibrium state. A good reference for Gibbs measures on count-
able Markov shifts, including many different conditions sufficient for their existence,

is given by [MUO03].

Sarig showed in [Sar03] that BIP is necessary and sufficient for the existence of a
Gibbs measure pf associated to f in the case that (3, o) is topologically mixing and

f is bounded with summable variation and finite topological pressure.

Finally, Buzzi and Sarig proved in [BS03] that if (X,0) is topologically transitive

and f has summable variation then any equilibrium state associated to f is unique.
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2.2.4 Coboundaries

Coboundaries are a useful class of function which allow us to manipulate potentials

without affecting the thermodynamic quantities associated to them.

Definition 2.2.6. We say two functions f,g : ¥ — R are cohomologous if there
exists a function ¢ : X — R such that f = g+ — Y oo. A function which is

cohomologous to zero is called a coboundary.

If f and g are cohomologous then they have the same topological pressure, and Gibbs
measures or equilibrium states associated to f coincide with those associated to g.
Furthermore, for any invariant measure p we have [ fdu = [ gdp. The following
theorem was proved by Sinai in [Sin72]. A more modern exposition can be found in

the lecture notes of Sarig, [Sar].

Theorem 2.2.4. Let (X,0) be a two sided countable Markov shift and f : ¥ — R
be weakly Holder continuous. Then there exists a weakly Holder continuous function
h:¥ — R and a weakly Holder continuous g : > — R depending only on positive

coordinates such that g = f+h—hoo.

Since g depends only on positive coordinates we can consider the one sided shift
(3, 0’) corresponding to (X, o), and the natural relations between thermodynamic
quantities related to g on X’ and those related to g on ¥ allow us to transfer many

results between the one sided and two sided settings.

The following theorem and corollary will be required in chapter 5. Theorems of this
type under various different conditions were proved in [JMUO6], the statement we

use here is a combination of lemma 4.2, lemma 4.4 and corollary 6.5 of that paper.

Theorem 2.2.5. Let (2, 0) be a topologically mizing Markov shift and let f : ¥ — R

have summable variation and an invariant Gibbs measure. Then there exists a
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function ¢7 with var(¢7) < oo and vary(¢}) < 377, var;(f) fori > 1 such that

gi=f+¢]—¢jo0

has g(z) < sup,ea, fx gdp.

This was used in [JMUO06] to show that if f has summable variation then g must also
have summable variation. However, it was pointed out to us by Oliver Jenkinson
that if f(z) = f(xox1) then var;(¢7) = 0 for ¢ > 1 and vary(¢;) < oo, which gives

the following corollary.

Corollary 2.2.1. Let (X,0) be a topologically mizing Markov shift and let f : 3 —
R have f(z) = f(xox1) and vari(f) < oo. Suppose that there exists an invariant

Gibbs measure associated to f. Then there exists a function g : X — R cohomologous

to f with g(z) = g(zox1) and g(z) < sup,ep, [x 9dp.
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Chapter 3

Counting S-Expansions

3.1 Introduction

There are many ways of representing real numbers. For example, one can consider
the decimal expansion x = Y .~ ;107" of an element of (0,1). A point can have
at most two decimal expansions and almost every point with respect to Lebesgue
measure has a unique decimal expansion. Alternatively, one can consider expansions

in other bases. For > 1, we consider expansions

(o9
NS
n=1

of real numbers z € [0, %], where each z; € {0,1,---,|3]}. Any such code (x;)$2,

for x is called a [-expansion of x.

In [Sid03a] and [Sid03b], Sidorov proved that, for non-integer § > 1, almost every
T € [0, %} has uncountably many [-expansions, and that the set of exceptions to

this rule has Hausdorff dimension strictly less than one. This result was extended
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to give quantitative information in [SF|, where Feng and Sidorov defined

Nn(xQ B) =

{(ala"' aan) € {0717"' ) Lﬁj}n : 3<an+1aan+27 : ) with o = Zakzﬁ_k} )
k=1

and proved that for each 8 € (1, %) there exists a constant ¢() > 0 such that

for all x € <0, %) ,

LA

> c(f).

We extend the result in [SF] to a wider class of /3, giving a positive answer to a

question posed in that paper.

Theorem 3.1.1. For every non-integer real number 5 > 1 there exists a constant

c(B) > 0 such that for almost all x € <0, %) with respect to Lebesgue measure,

o (Nal@i8)

lim inf
n—o00 n

We give such a constant ¢(5) explicitly in terms of the absolutely continuous invari-

ant measure of a transformation that generates [-expansions.

For certain 3 > 1+2‘/5, including all 3 € (%g, 2), there exist points x € (0, %)
which have a unique [-expansion. Therefore there exist real numbers g > 1 for

which the above almost everywhere result does not extend to every x € (O, %)

The structure of this chapter goes as follows. In Section 3.2 we recall the construction
by Dajani and Kraaikamp of the random [-transformation and explain how, given
B, it can be used to generate all S-expansions of a point z. In Section 3.3 we
write N, (z; 8) as an expression involving the random [-transformation and apply
the ergodic theorem and some simple analysis to complete the proof of theorem

3.1.1. Finally in section 3.4 we discuss possible extensions of the theorem and the
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limitations of our method.

3.2 (enerating [-expansions

We indicate a method of finding S-expansions. For simplicity we let 8 € (1,2). It
is well known that there exists a S-expansion of z € R if and only if z € [0, 5],
see for example [DK02].

Question: When does there exist a f-expansion of x € R starting with

the digit 07

A number x has a f-expansion starting with the digit 0 if and only if there exists a

sequence (z,)2%, € {0,1} such that

giving equivalently that

So (0,9, x3, - - - ) is a -expansion for z if and only if (x4, x3, - - - ) is a S-expansion for
Bx. There will be such a choice (xg,x3,---) if and only if Sz € |0, ﬁ} Therefore

x has a [-expansion starting with the digit 0 if and only if = € [0, m]
Question: When does there exist a f-expansion of r € R starting with

the digit 17

A number x has a -expansion starting with the digit 1 if and only if there exists a
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sequence (x,) € {0,1}" such that

1 d Tnp
T=5+) T
B n=2
giving equivalently that
- T - Tn+1
fr—1= =
n=2 671*1 nzjl ﬂn

So (1,x9, 3, -+ ) is a [S-expansion for z if and only if (x9,z3,--+) is a [S-expansion

for Sz — 1. There will be such a choice if Sz — 1 € [0, 755]. Therefore z has a beta

ﬁ_
expansion starting with the digit 1 if and only if x € [%, ﬁ]

Iterating to generate [J-expansions:

Using the answers to the two questions above, we are able to generate the first digit

of a f-expansion of x € [0, ﬁ], although we note that if x € S := [0, m]ﬂ[ L

5 51
then we are allowed a choice for the first digit. Furthermore, we see that if x;1 = 0
then x5 must correspond to the first digit of a § expansion of Sz, and so we repeat
the above procedure for Sz and this gives us a choice of x5. Similarly if z; = 1 then
2o will be the first digit of an expansion of Sx — 1. Iterating this process n times

we generate words (x1,- - ,2,) that can be extended to S-expansions of .

3.2.1 A More General Method Including S > 2.

In [DKO03], Dajani and Kraaikamp defined the random [-transformation Kz which
generalises the above idea to include g > 2 and allows one to study all 5 expansions

of z.

Let 8 > 1. Forn € {0,1,---,|B]} we let T,,(z) := px —n. We define the regions
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— [ L5 ”—1}
o= [Fopgragy + | e e L
and the switch region S by S := JY, 5, x {0,1}".

We further define the equality regions F,, by

B, - ( 6] +”‘3”+1)me{Lzm,wy—u,

Be-0 5B
T e (B 18- 1)
Fo "{Qﬁ) 4 Bl (5@—4)* B B=1)

Then the collection of sets

{En:ne{ovl"" 7|_5J}}U{Sn:n€{1a27"'aLﬁJ}}

partitions the interval [O, %} .

We define the random -transformation Kz : {0, 1} x [O, %] — {0, 1} x [0, %]

by

(w, Ty (x)) x e B,
Ksg(w,2) == ¢ (0(w), Th_1(z)) =€ Sp,wyg=0 -
(0(w), Tn(x)) x€Syw=1
Then given a pair (w,z) € {0,1} x [0, %], the sequence (i,) € {0,1,---, 58]}
corresponding to the sequence of transformations 7;,,7;,, - - - applied to the second
coordinate in the iteration of Kjz gives a [-expansion of z. Furthermore, any [-
expansion of x can be given by such a sequence corresponding to (w, x) for some w.

A proof of this is given in [DKO03].
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Figure 3.1: The projection onto the second coordinate of Kz for 5 =

3.3 Proof of Theorem 3.1.1

As seen in the last section, given x € [O, %} and w € {0,1}" the random B-

transformation generates a unique [-expansion (z;)°, of z. We let = be fixed and
call (z;)°, the f-expansion generated by w. Similarly, we describe the finite word

(1, ,x,) as being the word of length n generated by w.

In order to count [-expansions using the random [-transformation we want to un-
derstand the circumstances under which two sequences w,w’ € {0,1}" generate

different words (zq,--- ,z,).

We let ¢ = ¢(w,w’) := min{k : w; - - wg # W) ---w,}. Then the first ¢ — 1 times that
the orbits under Kj of (w,x) and (w',x) enter the switch region, the same decision
is taken about how to continue the [ expansion. However on the ¢th entry to the
switch region a different decision is taken. Thus w and w’ will produce different
words of length n if and only if the orbit of (w, x) enters S at least ¢(w,w’) times in

the first n iterations of Kg. We define
hw,z,n) :=#{ke€{0,--- ,n—1}: Kg(w,:v) €S}t
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Then w,w’ generate the same word of length n if and only if

wl) T awh(w,:z:,n) = wi? T 7(");1(“1/71:’71)
and so defining
Qz,n) = {wi, -, Whiwan) : w € {0, 1N}
we have N, (z; 8) = |Q(x,n)|.

Defining m,, to be the (p,1 — p) Bernoulli measure on {0, 1}", we have the following

characterisation of |Q(x, N)|.

Lemma 3.3.1.

(w).

N

Q(z,n)| = / ghw:m) dm,
{o,13%

Proof. For w € {0,1}" we have h(w,z,n) € {0,1,--- ,n —1}. Then

n—1
/ oM@ m) gms (w) = / 28 dm (w)
{0,1}N 2 0 < wel{0,1}N:h(w,z,n) =k 2
n—1
= 22’“ X my {we {0, 1}V : h(w,2,n) =k} .
k=0
But the set of w for which h(w,z,n) = k is a union of cylinders of the form
[wy, -+, wk], each of which have m1 measure 27% So

mi {we {0, 1}": h(w,z,n) =k} =27F H(wh S Whiwen) t R(W,T,m) = kH
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Then we can rewrite

n—1
/ 2h(“”x’”)dm%(w) = ZZk x 27k x ‘{(wl, C Whwem)) © R(w,x,n) = k}{
{0,1}N k=0
= [Q(z,n)|

We want to study the growth of |2(x, n)| using the ergodic theorem, and therefore we
need an invariant measure for Kz. In [DAV07], Dajani and de Vries studied invariant

measures for the random S-transformation and proved the following theorem.

Theorem 3.3.1. For each p € [0,1] there exists a Kg-invariant probability measure
fig on {0, 1} x [0, %} of the form fig = my, X g, where pg is absolutely continuous

with respect to Lebesgue measure X. Furthermore fig is ergodic.

We fix p = % We will use the measure fig to show that typical pairs (w, z) enter the
switch region S under the action of K3 with a certain limiting frequency. To that
end, we note that it was proved in [DAV07] that fi5(S) > 0. We have the following

lemma.

Lemma 3.3.2. For A-a.e. x € [0, %] we have that for mi-a.e. W e {0, 1},

h(w, x,n)

L
Proof. We define the function f : [O, % x {0,1}¥ — R by
(
0 (w,x)gS
f(w,x) :XS((‘L)?:C) = )
1 (w,z) €S
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and see that f"(w,x) = h(w, x,n). Then the Birkhoff ergodic theorem gives that

h(w,x,n)

= f15(9),

o1
lim —
n—oo M

if(Kg(w,x)) = lim

n—o0 n

for fig-a.e. pair (x,w) € {0, 1} x [(), %}

Now since fig = p1g X m, is a product measure, statements which are true for almost
every pair (w,x) with respect to fiz are also true for almost every = with respect to

pp and almost every w with respect to mi.

We recall that pg is absolutely continuous with respect to A. Then for -a.e. x we
have that for mi-a.e. w,
h(w,z,n .
lim hw,2,n) = f15(95).

n—oo n

We now complete the proof of theorem 3.1.1. Since almost everywhere convergence
implies convergence in probability, we have from the previous lemma that, for A-a.e.
x:

Ve, 6 > 0,dN,s such that Vn > N,

m ({w e {0, 1}V ‘W . gﬁ(S)‘ > e}) <4
We define the good set
Gl = foe (s M2 )| < g

= {we {0, 1} n(is(S) —¢€) < h(w,z,n) < n(fig(S) +e)}.
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Now for A-a.e. x and all n > N

m

(G(n,x,€)) >1—46,

1
2

and so

Vv

/ oMw) Iy (w)
G(n,x,e)

> (1— 5)271(11;3(5)—6)'

/{ 2y (@)
0,1

N

Then for A-a.e. x and all n > N

No(z;8) > (1 — 6)(2ns(5)=9),

and since € and 0 were arbitrary, we have that

lim inf
n—oo

w > log(2)is(59).

This completes the proof of theorem 3.1.1.

3.4 Does There Exist a Growth Rate?

log(Na(2; 8))

n

The natural question to ask is whether the growth rate lim,, exists.

This has been done for the following class of (.

Definition 3.4.1. A Pisot-Vijayaraghavan number, or PV number, is a real alge-
braic integer greater than one such that all of its Galois conjugates have absolute

value less than one.

Feng and Sidorov showed in [SF| that if § is a PV number then there exists a
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constant k() > 0 such that

i i 108N (@3 8))

n—oo n

= k(B),

5]

for almost every x € [0, ﬁ] )

Furthermore, the value of k() was computed for 5 = ”2\/5 in [SF], and shown to

be strictly greater than log(2)/is(S), showing that our lower bound for the growth

rate is not always sharp.

The chief limitation of our technique is that we cannot say much about the behaviour

/ 2h(w,x,n)dm
G

C
n,xr,e

of
(w).

(SIS

Even though m 1 (G}, 2.c) 1s tending to zero, 2hwzn) could potentially be growing as

fast as 2" on this set, and so we cannot discount it. New ideas will be required to

consider the possible existence of a growth rate.
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Chapter 4

Topological Pressure for

Suspension Flows over Countable
Markov Shifts

4.1 Introduction

Suspension flows over Markov shifts are useful models for a number of interesting
dynamical systems. For example, geodesic flows on compact surfaces of constant
negative curvature, and more generally Axiom A flows on compact manifolds, can
be modelled by suspension flows over finite alphabet Markov shifts. Through the
study of the thermodynamic formalism of these suspension flows, which is well
understood due to Sinai, Ruelle, Bowen and others, it has been possible to prove

many interesting results about the related flows.

A much larger class of flows on non-compact spaces can be modelled by suspen-
sion flows over countable (non-compact) Markov shifts, such as the geodesic flow on
the modular surface (see [Ser85]) and the Teichmiiller flow (see [BGOS]). Recently
two models for the thermodynamic formalism of such suspension flows have been

suggested. In [Sav98|, Savchenko gave a definition of topological entropy for sus-
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pension flows with roof function locally constant on each cylinder of length one. In
[BI0O6], Barreira and Iommi gave a definition of topological pressure for suspension
flows with Holder continuous roof functions which do not approach zero. They were

shown to be equivalent when they are both defined.

In this chapter we demonstrate that the definition of [BI0O6] can be extended to
suspension flows where the roof function approaches zero, and that crucially the
variational principle and relation to pressure on compact invariant subsets still hold.
This extended definition coincides with the definition of [Sav98] everywhere that
theirs is defined. Furthermore, we prove a relation with the growth rate of weighted
sums of periodic orbits, allowing an equivalent definition of pressure as a much more

natural analogue of Gurevic pressure for a Markov shift.

We stress that there is a large volume of recent work using various different ideas for
topological entropy or pressure of countable alphabet suspension flows (see [BI06],
[BGO8], [GKO01], [Ham10], [Iom10] and [Sav98]). This provides our motivation for

seeking a fuller understanding of the relationship between the various definitions.

We now state our main result. All of the definitions will be made precise in the next

section.

Theorem 4.1.1. Let (3,0) be a topologically mixing Markov shift with countable
alphabet A and f : X — R a roof function with summable variation giving rise
to a suspension flow ¢ on space Xy. For any function g : Xy — R for which the

function A, : ¥ — R defined by Ay(x) = fof(m) g(z, k)dk has summable variation,
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the following notions of topological pressure are equivalent.

P Y oo [aowon)ww) @

t—o0
#s(2,0)=(2,0),5<t

— sup Py(glK) (4.2)
Kelsz

=inf{ft e R: P,(A, —tf) <0} =sup{t e R: B, (A, —tf) >0} (4.3)

= sup{h,(¢) + /gdu tv €&y, /gdu > —o0} (4.4)

where a is any element of A, € is the set of ergodic flow invariant probability
measures on Xy, Ks, is the set of compact flow invariant subsets of ¥y and P, is

Gurevic pressure on 3.

P,(g) takes values in (—o0,00]. Proofs will be given for two sided Markov shifts,
but, as explained in chapter 2, these proofs transfer over to the case of one sided

shifts and the results are valid in either setting.

We have stated our regularity condition on g in terms of the summable variation
of Ay, this is to avoid having to define a metric on ;. Our variational principle is

stated in terms of ergodic invariant measures, we comment on this in section 4.6.

In [Sav98], Savchenko proved that (4.2) and (4.4) are equivalent if f is uniformly
locally constant and g = 0. In [BI06], Barreira and Iommi proved that (4.2),(4.3)
and (4.4) are equivalent in the case that f is bounded away from zero and Holder
continuous. The definition (4.1) and the equivalence of the four definitions in the

more general setting of roof functions which are allowed to approach zero are new.

In section 4.3 we prove that the definition (4.1) of pressure is well defined. In section
4.4 we show that the definitions (4.1) and (4.2) are equivalent. In section 4.5 we

recall lemmas from [BI06] giving that the definitions (4.2) and (4.3) are equivalent
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and giving an inequality between the quantities defined by (4.3) and (4.4). Finally,

in section 4.6 we show the definitions (4.3) and (4.4) are equivalent.

4.2 Preliminaries

4.2.1 Suspension Flows

In this section we define suspension flows and give definitions of metric entropy and
topological pressure for flows on compact spaces analogous to those for transforma-

tions in chapter 2.

Given a Markov shift ¥ and a function f : ¥ — R* which we call the roof function

we define the space

Yp={(z,t) 2 €X,0<t < f(x)}

with the identification (z, f(x)) = (o(z),0). We further define the suspension flow
¢ on X by

iz, 8) = (x, 8+ 1)

for 0 <t < f(z) — s, and extend this to a flow for all time ¢ using the identification
(z, f(z)) = (o(x),0). We let M denote the set of ¢ invariant probability measures

on Zf.

In order to be a well defined flow we require that ¢,(z, s) is defined for all t € R,
and hence that >~ f(c"(z)) = > —, f(c7"(z)) = oo for all z € . A discussion

of how this affects the class of allowable roof functions is included on page 39.
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Thermodynamics for Suspension Flows over finite Markov shifts:

For a flow ¢ : X — X on a conservative measure space (X, i), we define the entropy

h,(¢) to be the entropy h,(¢;) of the time one transformation ¢; : X — X.

In the case of suspension flows ¥; over finite alphabet Markov shifts with Holder
continuous roof functions, topological pressure for a function g : ¥y — R can
be defined using dynamical balls, as was done in chapter 2 for transformations.
However, since this definition does not generalise well to non-compact spaces, we
focus instead on the following three formulations of pressure which are equivalent

to the classical definition in the compact case. We define

Fy(g) := lim llog Z exp (/Osg(qbk(g, 0))dkz)

—oo t
¢s(£,0)=(§,0),s§t
It was proved by Bowen and Ruelle in [BR75] that

Ey(Bg = Pyl9)-f) = 0,

where Ay(z) :== fof @ g(¢r(z))dk. This allows the study of properties of the pressure
function P, on suspension flows over finite Markov shifts to be reduced to the study
of the pressure function P, on the base. In particular, using the variational principle

on a finite Markov shift, it was proved in [BR75] that

Py(g) = sup {hu(¢) + /gdu RS M¢>} :
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Invariant Measures for the Base and for the Flow:

We now let ¥ be a countable Markov shift. Given a measure p on X for which

fz fdp is finite, we can lift the measure to Xy by defining

(:u X m)’Ef

pg o= L(p) == f fdyu

where m is Lebesgue measure. Measures on > which are invariant under o lift to

measures which are invariant under ¢, see [Abr59].

We have

s (6) = }f—i;'/i

This was proved in the case that u is finite by Abramov in [Abr59] in the general

case by Savchenko in [Sav9s].

In the case that there exist ¢;,co > 0 with ¢; < f < ¢g, £ : M, = My is a bijection,
where we recall that M, (resp. M) were defined as the sets of o-invariant (resp.
¢-invariant) probability measures. However, if f is not bounded away from zero then
members of My may be the lift of o-finite invariant measures p with p(X) = oo, an

example of this is given at the end of this section.

Thermodynamic formalism for infinite measure spaces is not as well developed as
for finite measure spaces. The fact that members of M, may be the lift of infinite
measures lessens our ability to use the thermodynamic formalism on the base to
prove results about the thermodynamic formalism for the flow. In particular, this

makes our proof of the variational principle significantly more technical.
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Topological Entropy:

As discussed in chapter 2, topological entropy for a transformation 7" can be defined
as the supremum over all ergodic invariant probability measures p of the metric
entropy h, (7). Similarly for a flow ¢ topological entropy can be defined as the
supremum of h,(¢). Then putting ¢ = 0 into definition (4.2) of pressure gives

topological entropy. Thus we have the following corollary to theorem 4.1.1

Corollary 4.2.1. Let (X,0) be a topologically mizing countable state Markov shift
and f : X — RT a roof function with summable variation giving rise to a suspension
flow ¢ on space X¢. The following notions of topological entropy of the flow ¢ are

equivalent.

hiop(0) = sup{h.(¢) : v € &4}
o1
= lim —log Yoo xu@)
¢s(z,0)=(z,0),s<t

= sup hup(9|K)

KE’CEf

=inf{t e R: P,(—tf) <0} =sup{t e R: P,(—tf) >0}
where a is any element of A.

Compact Subsets:

In order to discuss compact subsets of ¥y, as in the formulation of definition (4.3),
we need a topology on ¥ ;. When modelling different systems as suspension flows we
may wish to consider various metrics on ¥y which may induce different topologies.
For maximum generality we do not specify precisely what metric or topology we

give Xr, however we shall assume that set of compact subsets of X; includes all
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restrictions of X, to suspension flows over finite alphabet Markov shifts ¥’ C X.
Natural choices of metric on X, such as the generalisation of the Bowen-Walters

distance considered in [BI06], satisfy this property.

We now state formally our hypotheses.

Hypotheses:

The following hypotheses will be used throughout the chapter. We let ¥ be a
topologically mixing countable Markov shift with shift operator o. We assume that
the roof function f : 3 — R satisfies > >~ | f(0"(z)) = > o, f(67"(z)) = oo for all
x € 3, and let ¢ be the corresponding flow on ¥ ;. We consider topological pressure

of functions g : ¥ — R. We assume that both f and Ay(z) = fof@)g(g, k)dk
have summable variation, recalling that we do not include vary in our definition of

summable variation and hence do not require f or A, to be bounded.

Furthermore we assume that f(x) and A,(z) each depend only on the non-negative
coordinates xgxy - - -, this is purely to make the folowing analysis more simple. It
was explained in chapter 2 that, for f and A, depending on both positive and
negative coordinates, we can add coboundaries such that they depend only on the

positive coordinates without affecting any of the thermodynamic properties.

We define Ky to be the set of compact shift invariant subsets of > upon which o is
topologically mixing, and Ky, to be the set of compact flow invariant subsets of 3J;

upon which ¢ is topologically mixing.

An Example:

The requirement that Y>>, f(o"(z)) = > o, f(c™™(z)) = oo for all z € ¥ places

some restriction on the systems that we can study. For example, suppose that X
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is a full shift and f(z) = f(x¢) is not bounded away from zero. Then there must
exist a sequence of symbols a, € A such that lim, ,. f(a,) = 0, and hence a
subsequence b, for which f(b,) < 27". But then for z € ¥ with z; = b; we would
have Y~ | f(o™(z)) < oo, contradicting our assumptions. Hence if ¥ is a full shift

and f(z) = f(zo) then f must be bounded away from zero.

One might wonder whether roof functions approaching zero are just a result of badly
chosen codings of flows, and that any flow satisfying our hypotheses can be modeled
as a suspension flow with roof bounded away from zero. To dispel these concerns,
we give an example of a flow (X4, ¢) satisfying our conditions that has arbitrarily
short closed orbits. Such a flow cannot be recoded to have roof function bounded
away from zero without losing some of the orbits in the recoding process. This shows
that the class of flows that we consider is genuinely wider than the class of flows
considered in [BI06]. We also give an example of an invariant probability measure

g on My which is the lift of an infinite invariant measure on X.

Example 4.2.1. We let A =N and (X,0) be a Markov shift over A corresponding

to the incidence matriz M given by

1 ifi=1,j=1ori=j

Mij = )
0 otherwise
i.e.
1 111
1100
M = 1 010
1 001
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We define the roof function f by

flz) =27

We see that any x € Y must either have x, = 1 for infinitely many n > 1, or
have that there exist j € A and N € N such that x, = j for alln > N € N.
In either case Y oo | f(o™(z)) = oo, and using the same arguments with o~ gives

> f(oc7™(z)) = co. Hence the suspension flow X satisfies our hypotheses.
n=1 f

We see that the periodic orbit of (X¢, ¢) corresponding to the fized point 7 of (X, 0)
with x, = j ¥V n € Z has period 277, and thus that there are periodic orbits of (X, @)

of arbitrarily small period.

Now we define §; to be the Dirac measure of mass 1 on the fized point 7 of (X, 0).
We define p = Y772, 5, and see that yu is invariant and that p(X) = 3222 6;(X) =

oo. However, the invariant measure jiy on Xf defined by py = L() has total mass

pp(Er) = Zﬁ(5j)(2f) = ZZ_j = 1.

Hence we have shown that there exists an invariant probability measure on Xy which

18 the lift of an infinite invariant measure on 3.
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4.3 An Analogue of Gurevich Pressure for Sus-

pension Flows

We define

P =limgog| Y ew( [ g0 0)ar) vt

t—o0 0
(z)s (@,O)Z(Q,O)

for a € A, where the summation is over all z € ¥ such that the orbit of ¢ based
at (x,0) is periodic with period s for some s < ¢. In order to simplify the following
arguments, we allow the multiple counting of points, so if the periodic orbit based
at (x,0) has prime period s < % we include both the orbit of length s and the orbit
of length 2s based at (x,0) in the above summation. If we were to restrict to orbits

of prime period s this would have no affect on the quantity P.

This definition of pressure is a weighted growth rate as ¢ tends to infinity of the
number of periodic orbits of length less than ¢ passing through [a], and is a natural
analogue of the Gurevich pressure of [Sar99]. As with Gurevich pressure, we restrict
ourselves to counting orbits which pass through some symbol a € A. Pressure
is a measure of the complexity of a transformation, and the growth rate of the
number of periodic orbits provides an effective notion of complexity. The actual
number of periodic orbits however is unimportant since, for example, the identity
transformation on ¥ has infinitely many periodic points of any period but would

not be regarded as having high complexity.

In this section we show that the limit in the above definition exists for any choice of
a € A, and further that it is independent of any such choice, making P, well defined.
We begin with a slight variant on the ‘almost subadditivity’ lemma of [Sar99], which

is itself a variant on a classical lemma.
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Lemma 4.3.1. If (a;) is a sequence for which there exist constants cy,co such that

Usitre, T C1 2 Qs+ ay (4.5)

for all s,t € R, then limy_,o % exists, taking a value in (—o0,00].

Furthermore, for any €,0 > 0 there exists T' > 0 depending only on cq,co,€ and o

such that for allt > T,

We stress that 7' is chosen in such a way as to be independent of the sequence ay,
depending only on the constants in equation (4.5). This allows us to prove that
certain quantities converge uniformly over subsets of ¥, which in turn allows us
to prove later that P4(g) can be approximated by the pressure of g on compact

invariant subsets of ¥ .

Proof. Let €,6 > 0. We will prove that
Qg

Im% > (1 §)Fm™ —,
t t

and, since € and ¢ are arbitrary, this will prove the lemma.

We can choose a real number 7" large enough such that TICQ >1—9 and Tﬁ:@ < €.
We fix p > T. Then for any ¢ > ¢y we can write t = k(p+ ¢3) +7+ co where k € Z,

and i € [0,p + ¢o]. Then we can rewrite

A = Qk(ptca)tites

> Ak (pt-ca) +a; — ¢,

using asi¢+e, + €1 > as + a;. Repeated application of this allows us to rewrite
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Ql(p+cz) > kap — ke

Then
ka, 4+ a; — (k+ 1)
k(p+co)+i+e

a
—tZ
t

Keeping p fixed we let ¢ (and hence k) tend to infinity. Since ¢ remains bounded

above by p + co, a; is also bounded above. We see that

li at > i kap +1. a;
im — im - m, ., -
S T T k(pt ) +i+ o BP0k (p+ co) +i +
S kE+1
— lim ( + )C_l
k—ook(p 4+ ¢2) + 1 + o

a
Y B
p+02 p—|—02

a
This gives that h_rnf > —o0. Rearranging we see that

S "
—lmeoy p+cap  p+e
a
= (1-6)-2L—¢
p

for all p > T, proving the second half of the lemma. We can let p tend to infinity

and we see that

h—mt—wo% > (1- 5)mp%oo% — €
p

Then since € and § were arbitrary we have lim% > lim%, and hence lim; ., % is

well defined. O

We are now able to show that, for any choice of a € A, the limit in the definition of

P,(g) exists.
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Lemma 4.3.2. Given a € A, the limit

Poat)i=Jim 1o | 5 o ([ atontz. 00k ) vate)

t—o0
¢s(z,0)=(z,0),5<t

exists, taking a value in (—oo, o).

Proof. We consider the following sequence.

witon (5 e ([ alonte0pat) v

bs(2,0)=(2,0),s<t

To specify a periodic orbit for the flow it is enough to specify a point z on the base

through which it passes. Given a word xy---x, € X such that z,r; € X, we let

oo
1=—00

(x1---x,) denote the sequence (y;) € ¥ where ¥; = T(mod n)-

Now suppose that we have a periodic orbit v; = (x; - - - z,) of period t = f"((x1 - - x,)),

and a periodic orbit v = (y1 - - - yp) of period s = f™((y1 -« - Ym)), with x; = y; = a.

Then the periodic orbit v17, := (21 - Y1 - - - Ymm) has period

f”+m(x1~~xny1---ym) — f"(x1~--$ny1-~ym)+fm(y1--~ym$1~~wn)
< fanwa)+ Y varg(f)
k=1
+ fm<yl"'ym)+zva7“k(f)
k=1
< s—f—t—l—inark(f)
k=1

We define ¢y := 2) "7 vary(f) < oo, and observe that it is independent of the
lengths n and m. Thus any two periodic orbits v; and 7, sharing a common base

point can be interwoven to give the periodic orbit v, of period less than or equal
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to l(1) +1(72) + ca.

For a periodic orbit v of period ¢ passing through point (Zy - z,,0) we write

[o:= / 9(on@FTTm, )k = 3 Ay (0 (- -2).

Now A, has summable variation, and so letting ¢; := 2> 7 wvarg(4d,) < co and

using the same arguments given above for f, we have

/ g+012/g+/g.
Y172 Y1 V2

So for any 71,7, in the summations for a, and a;, their concatenation ~;7 is in the
summation for asi¢i.,, and the evaluation of g over this orbit differs by at most ¢;.
We may have extra orbits in the summation for as ., but these cannot contribute

negatively. Thus we get the inequality,

Qsipte, T C1 2 Qs+ Q.

& is Pya(g), we

Then lemma 4.3.1 gives that lim;_,, % exists, and since lim; o, %

have Py ,(g) is well defined. O

We now show that P, ,(g) does not depend on the choice of a € A.

Lemma 4.3.3. P, ,(g) is independent of a, and hence P,(g) is well defined.

Proof. Let a,b € A. We let a; be defined as in the previous lemma and let b; be

defined analogously:

by := log > e < /O g(onz 0))6”6) Xp) ()

¢s (gao):(§70)75St
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We choose and fix finite words xy - - -z, and y; - - - y,, Where 1 = a and x,,b is an
admissible word, and where y; = b and y,a is an admissible word. These should be

thought of as paths in X linking a to b and b to a respectively. We define

Top = sup{f™(x):x € [y 2,0} +sup{f"(v) 1y € [y1---ynal}

Gop = Inf{AV(2):2 € [v1- wnb]} +inf{A7(y) : y € [y1- - ynal}.

These are finite since f and A, have summable variation, even though f and A,

may be unbounded.

Then any periodic orbit 7; of length ¢ based at (Z;---%,,0) with z; = a can be

extended to a periodic orbit v, based at (Y1~ ynz1---2pT1 - Tm,0). This orbit

passes through ([b],0) and so is included in the summation for b;.

We see that
Wy2) = [P (G Gz 1 Tm)
< sup{f"(y) Y € [y1---ynal} + fPE5) + Y vary(f)
n=1
+ sup{f™(z) :x € [x1---xLb]}
< t4ey+ Ty
Similarly

/g—cl+Ga,b§/g.
Y1 Y2
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So we see that

log > exp ( /0 gz 0))dk) xi(z) | =

¢S (g)o)z(lyo) 75St+Ta,b+c2

os| Y ew(Gumat [ otononm) v |

d)S (2)0):(270) 73St

i.e. that

bt+Ta7b+02 - Ga,b + ¢ 2 Q.
Dividing by ¢, taking the limit as ¢ tends to infinity we see that

b a
lim — > lim iy
t—oo T t—oo T

b
But since a,b € A were arbitrary, this gives us that limt_m?t = lim; o0

that our definition of pressure is independent of a.

4.4 Compact Invariant Subsets

a
—t, and
t

]

We want to prove that our definition of the topological pressure of g on X is the

supremum over all compact invariant subsets Jy C 3¢ of Py(g|Jy).

We define Z}Cm to be the set of suspension flows ¥ C X for which X' is the

restriction of ¥ to sequences in A’Z, for some finite subalphabet A’ of A. We recall

that our set of compact invariant subsets of >, includes Z}cm. Given two compact

invariant subsets A, B C Xy for which A C B we have that Py(g|A) < Py(g|B) <

Py(g). Thus in order to prove that P,(g) is the supremum over all compact invariant
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subsets Ky C X5 of Py(g|Ky), it is enough to prove that

Py(g) = sup  Pylg|Ky).

Kfezfzn
In [Sar99], Sarig proved that for A, : ¥ — R we have P,(Ay) = supgex,, Pr(Ag|K).
We adapt the statement and proof to our setting.
Lemma 4.4.1. P,(g) = SUPK ey, Py(g|Ky).

Proof. We have already argued that it is enough to prove this for compact invariant

sets Ky C ¥y which are suspension flows over finite Markov shifts.

We define

w(Ky) = log T exp ([ ston(w 0k ) vate)

(z,0)€K f:s(2,0)=(2,0),s<t

where a is any member of the alphabet upon which K is supported. We recall that

- a(Ky)
Py(gl ) o= Jim 21
and
a
Py(g) = }ggof

Then since the summation in the definition of a,(Ky) is over a smaller set than
the corresponding summation in the definition of a,, we have that a,(K) < a; and

hence

Py(g) > sup{Py(g|Ky) : Ky € K5, }.

We will prove the reverse inequality. Let us assume that P,(g) < oo, the infinite
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case is similar. Fix €, > 0. We recall that lemma 4.3.2 gives that
Usyirer (Kp) + 01 2 as(Ky) + ai(Ky)

where ¢; and ¢y do not depend on K, and hence by lemma 4.3.1 there exists 7" > 0

independent of Ky such that for all ¢ > T,

at(Kf)'

(1+0)Py(glHy) +e2 —

We choose and fix t > T large enough so that

1
P¢(g) < zCLt + €.

Now the summation in the definition of a; is a summation over the countable set of
loops in ¥ from a to a of length less than or equal to . But countable summation is
just the limit of summations over finite subsets, and any finite set of loops of length

less than or equal to ¢t must pass through only finitely many elements of A.

Then we can choose M € N big enough so that

1 1
;at S ;(lt(({l, .. .,M}Z N E)f) + €,

where by ({1,..., M}*NY); we mean the suspension flow over the restriction of %
to the alphabet {1,---, M}. By adding a finite number of symbols we can extend
({1,..., M NX); to a space K; which intersects [a] x {0}, is still compact, and

on which the shift transformation on the base is topologically mixing. We still have

1 1
;at S ;at(Kf) + €.
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We have argued that

Py(g) < %Jre
ﬂ S M_i_e and
t t
K
at(t ) < (1490)Ps(g|Ky) +e.

Then we have

Py(g) < (14 0)P,(g|Ky) + 3e,

and since € and ¢ were arbitrary this gives that

Py(g) < sup{Py(9|Ky) : Ky € Ks, }.

Combining with the reverse inequality given earlier, we have that P,(g) is indeed
the supremum of the topological pressures of suspension flows over compact flow

invariant subsets.

4.5 The Definition of Barreira and Iommi

In this section we restate a lemma from [BI06] which 4.5.1 proves that the notion of
topological pressure used in [BI06], is equal to the supremum over compact invariant
subsets of the classical notion of pressure for ¢ restricted to that subset. It has been
extended from a lemma in [BI06] to deal with roof functions that approach zero
without altering the proof. This gives us that our definition of topological pressure

and the definition used in [BI06] are equivalent.
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We recall that, in [BI06], Barreira and Tommi defined topological pressure by the

equation

Pgi(g) :=inf{t e R: P,(A, —tf) <0} =sup{t e R: P, (A, —tf) > 0}.

We will shortly prove that Pg; and P, are equivalent, after which we will no longer

use the notation Pg;.

Lemma 4.5.1. Pg;(g) = SUD ek, Py(9|K)

Proof. We have that

PBI(g) = mf{t eR: PU(Ag - tf) S O}
= inf{teR: Sup {F((Ay —tf)|x)} < 0}

= mf{t eR: PU((AQ — tf)’K> <0VK € ICE}

The second line uses the fact that Gurevich pressure can be approximated by topo-
logical pressure on compact invariant subsets. Given K € Ky we denote Ky the
element of Ky, given by {(z,y) : z € K,0 <y < f(x)}. This gives a one to one

correspondence between members of Ky and Ky,. But

P,((Ay—tf)|lxk) <0 =t > the unique ¢ty € R satisfying P,((A; — tof)|x) =0

=t = Py(g|Ky).
Combining this with the previous equation gives

PB](g> = 1Df{t€RP¢(Q|K>§tVK€Kzf}

= sup Py(g|K)

KEICz)f
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as required. O]

Since we also have that Py(g) = sup KeKs, P,(g|K), we have the equivalence of P,

and PB[.

4.6 A Variational Principle for P,

We wish to state a variational principle for our notion of topological pressure. In

order to do so, we first define some relevant spaces of measures.

We recall that M, was defined as the set of all flow invariant probability measures

on the space Xy. We further define the spaces

Mpg = {V€M¢Z/gdl/>—(}0},

by = {V€M¢Z/gdl/>—OO,V:£<,u) forsomeue./\/lg}.

We recall that any measure v € My is the lift of some o-invariant measure on 3,
but that this measure may not always be finite. We let £, denote the restriction of

My to ergodic measures, and do the same for £y 4, Sg’g etc.

We begin with lemma 4.6.1, which proves that Py satisfies a limited variational prin-
ciple, the statement has been altered from that in [BI06] to avoid the complications
with infinite measures that arise in our wider setting of roof functions which are

allowed to approach zero but the proof remains essentially the same.

Lemma 4.6.1. P,(g) = sup {hw(qﬁ) + [gdpg = s € Mg’g}

Proof. We let K € Ky and let K be the corresponding element of Kyx,. We have
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that

Py(glKy) = sup {huf(¢) + / gdpy : py € M¢(Kf)} 7
2f
where My (K) is the restriction of M, to measures fully supported on K. This is

the statement of the variational principle for flows on compact spaces.

Furthermore, ¢g : Ky — R must be bounded below, since g is continuous and K7y is

compact. Then for iy € My(Ky) we have that fo gdpy > —o0.

For iy € My(Ky) we have py = L£(p) where p is an invariant measure on ¥ with
fK fdu < oo. But f > 0 must be bounded away from zero on the compact set K,
and if fK fdp < oo then we must also have that u(K) < co. So we can restate the

variational principle for ¢ on K as follows.
Py(g|Ky) = Sup{huf(éb) +/ gdpy = py € Mﬁ,g(Kf)}
Xy

Now using lemma 4.5.1, we take the supremum over compact subsets and get that

Py(g) = sup sup{huf(ch /E gdufiufEMZ,g(Kf)}
f

KfGKzf

< sup{hw(gb)—{—/E gdﬂfiﬂfe./\/li’g}.
!

We now prove the reverse inequality. For ¢t > P,(g) = inf{t : P,(A, —tf) < 0} we
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have that

o
Vv

Pa(Ag_tf)

> Sup{hu(a)Jr/Agdp—t/fdu:pe/\/lg, Agdu>—oo}
2 2 2

hu(o) fz Agdp ) }
= su d —t): o | Agd —00 ¢ .
Sp{\/ilfu(fzfd:u—i_ fgfd:u ' MGM % e

The second line is the statement of the variational principle for Gurevich pressure,

and the third line is just rearrangement, using that 0 < fz fdp < oo.

Then dividing by [y, fdu we see that

0 > sup {hﬂf(gb) +/gdﬂf —t:ippe Mi,g} )

giving
t > sup {hw(@ + /gdﬂf VTS Mgg} :

We have proved that

v ole) = 12 sup {hy0)+ [Lodur sy € M3, |

i.e. that

Py(g) > sup {hw(@ + /gd,uf Dpg € Mgg} .

We have now proved the inequality in both directions, and hence have that

Py(g) = sup {huf(cb) + / gdpg : py € M’;,g} :

Furthermore, we recall that, on compact sets, the variational principle can be
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phrased in terms of ergodic measures, that is

Py(g|Ky) = sup {huf(cb) +/E gdpy :py € 5§,Q(Kf)}-
f

Using this observation one can follow the method of the previous proof exactly to

obtain the following corollary.

Corollary 4.6.1.

Py(g) = sup {huf(cb) + / gdpy = py € 55,9} :

We now extend this variational principle to include ergodic measures which are the

lift of infinite invariant measures on X:

Lemma 4.6.2. P,(g) = V(g) :=sup{h,(¢) + [gdv:v € &4}

Using lemma 4.6.1, it remains only to prove that

sup{h,(¢) + /gdu v e &t =sup{h, (o) + /gdy v eyt

Plan of Proof:

While the details are slightly technical, the principle behind the proof here is simple.

The proof follows the following three steps.

Step 1: Prove that for e > 0 there exists an ergodic conservative o-finite measure

pon X such that hy, (@) 4+ [ gduy > V(g) — €.

Step 2: Define a sequence of finite measures p" on ¥ and show that they are well

defined.
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Step 3: Furthermore, show that u™ also satisfy

We then have that

hun(o) [ Agdp™ . hulo) | [ Aydp _
[fdpr [ fdpr o [ fdp [ fdp

hun () + / gdp's = (¢) + / gdpiy.

Thus we have a sequence of measures p} € MZ’ , Which come arbitrarily close
to achieving the supremum V'(g). This proof is an extension of the one given by
Savchenko in [Sav98], which dealt with the case that f is locally constant and g = 0.

We begin by selecting an appropriate sigma finite measure on the base.

Proof. Step 1: We identify a suitable measure p on the base.

Lemma 4.6.3. For any € > 0 there exists an ergodic conservative o-finite measure

poon X with [ fdp < oo, [¢Agdp > —oo and

Py (6) + /gduf +e>V(g),

where p1p = L(p).

Proof. We let iy be an ergodic probability measure on Xy with h,, + [ gdus +e>
V(g), and recall that p; is automatically the lift of some o-finite measure p on X
with fz fdp < oo under the map £. We want to show that p must be ergodic and

conservative.
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We note that any set Ay C X, which is invariant under ¢ is necessarily of the form
(A x [0,00))|s; where A is a subset of ¥ which is invariant under o. An invariant
set on the space of the suspension flow is uniquely defined by its intersection with

the base.

We suppose for a contradiction that p is not ergodic, i.e. that there exists some
invariant set A C ¥ with p(A) > 0 and p(A°) > 0. But then the corresponding set

on the space of the suspension flow, Ay := (A4 x [0,00))|s,, is also invariant.

Since f > 0 is continuous we can measurably partition A by A = U2 A™ where

Ari={r € A: = < f(z) < £}. Since u(A) > 0 it follows that at least one of

n+l —

the sets A’ has positive measure. But since f € [14%17 1) on A’ it follows further
, A)x

that p(A%) > % > 0. Hence p15(Ay) > 0, and identical arguments show that

pp(AS) > 0. But then Ay is an invariant set with uy(Af) > 0 and ps(A$) > 0,
contradicting the assumption that py is an ergodic measure. Hence p must be

ergodic.

Now we recall that a measure p is called conservative if for every measurable set
A with p(A) > 0, almost every point of A will return to A. Finite measures are
necessarily conservative by the Poincaré recurrence theorem. So since py is finite,

it is a conservative invariant measure on ;.

We suppose that p is not conservative, and let measurable sets A, B C > have that
u(A) > 0,u(B) > 0,B C A and that no point of B returns to the set A under the
action of o. Then no point of By returns to Ay under the action of ¢. But, as argued
above in the case of ergodicity, ps(By) > 0, and hence py cannot be conservative.

This contradiction proves that p must be conservative. O]

We have shown that there exists a conservative ergodic invariant measure g on

with h,, (@) + [ gdps+e > V(g), completing step 1 of the proof of lemma 4.6.2. We
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will now prove that there exists a sequence of finite measures u" for which

hur (0) + / gy =y (6) + / gdpy,

and then using step 1 this shows that

lim fo, () + /gdu’} >V(g) —e.

n—oo

Since € was arbitrary, this will complete the proof of the variational principle.

Step 2: We define a sequence of finite measures p” on ¥ and show that they are
well defined. In step 3 we will use these measures to complete the proof of lemma

4.6.2.
Let 6 > 0. We choose m € N such that Y > varg(f) <.

Given a set A C 3, we let the set A, be the set of sequences x for which o™ (z) inter-
sects A for infinitely many positive and negative values of n. Since u is conservative
and ergodic we have that, for every set A such that 0 < u(A) < oo, u(X\Ax) =0

and h,(0) = hya(c]A) (see the earlier section on metric entropy).

We choose A to be a cylinder set [ay - - - a,,] for which play - - - ay,] > 0 and for which
there doesn’t exist a & < m such that ay---ax = apy_gy1---an. This technical
restriction just avoids two occurrences of the word a; - - - a,, overlapping, prevent-
ing the need for further combinatorial arguments later. Since multiplying u by a
constant has no effect on the lifted measure uy, we replace p with mu The

new measure j continues to satisfy the requirements of step 1, and we have that

M[al...am] = 1

The set of all finite words in ¥ in which a; - - - a,, appears at the start and end but

nowhere else is countable. We number the elements arbitrarily (7;)52,, and say that
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word ~; has length [(~;). The cylinder [v;] is the set of sequences in 3 whose first
I(7;) coordinates coincide with those of ;. The set ¥ N [a; -+ am]oo is partitioned
by {o*[v] : 1 € N,0 <k <I(v;) —m}. Finally we let g, := >, u[v], and observe

that ¢, increases to ula; - - - a,,] = 1 as n tends to infinity.

Lemma 4.6.4. For each n € N there exists a shift invariant measure ™ on % such

that

1o p"(E\ a1+ o) = 0
2. ") =2 fori € {1,---n}
3. wy] =0 fori>n

4. The induced measure " |(q,...q,,) %5 a Bernoulli measure on choices of 7],

n

5. w" 1s invariant under o.

6. p"(X) < oo

Proof. A point x in A which returns to A infinitely many times uniquely determines,
and is uniquely determined by, the sequence of loops in ¥ corresponding to successive
excursions from A. We have already enumerated these paths (7;)2,, and so we
can code points z € A,, with the doubly infinite sequence of members of (v;)°,

corresponding to excursions from A of x under ¢ and o'

We write this as a
sequence in NZ. Since (X, 0) is a Markov shift, the history of a point z before it
entered A places no restriction on its future trajectory, and for each sequence in NZ

there exists a corresponding point in A,. We let ¥’ := N%, and see that the shift

transformation o on ¥’ models the action of the induced transformation o|4 on A.
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For i € {1,---n} we define v[i] = % and for ¢ > n we define v[i| = 0. Then

n

;ilu[ iz = 1.

1= 1/"1/77/

Indeed, the reason that we divided by ¢, in the definition of v was that it gave us
the above property, which allows us to extend v to a Bernoulli measure on >’ by
defining

Vlimimy1 -+~ in] = _,,V[ig].

This measure extends naturally to an invariant measure p" on the subspace A, of
¥ by defining " [y;, - - - vi,] = v[i1 - - - ix), and then using additivity to extend this to
cylinders [z - - - x,] in ¥ which are not closed loops based at [a; - - - a,,,]. By defining
' (E\[a1 - am]e) = 0 this extends to a measure on ¥ satisfying properties 1-5

above. To prove that p" is a finite measure, we note that

n U(y)—m n l(vi)—-m

DI I lar - an] < o0,
i=1 =

=1 k=0

since each ~; contains some occurrence of ay - - - G, and p"[ay - - - ay,) = 1.

Step 3: We now show that the sequence of measures ;i have
hun (6) + / 9aps = o hyy (0) + / gdpy.
Xy Xf

We begin by investigating the integral [ fdu". For z and y in o* i),

|f(z) — f(y)| < varyy,)—r(f), because f has summable variation and depends only
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on future coordinates. For each i € N we choose x; in [y;]. Then

/ fdp"”
okl

IN

(f (0" (22)) + vary - (f))-1" (0" )

= f(Uk(ﬂ))Mn[%] +variq) -k (f) " [y

since u"(0%[vi]) = p*[v;]. The same argument works replacing u" with p and ap-

proximating from below rather than above, giving

J R A T R e

Then summing we get

U(ys)—m U(vi)—m 00
S [ < 3 e @t | bl Y van(h. (46)
k=0 Yol k=0 j=m

giving

I(ys)—m I(ys)—m oo
S fet @] < Z/ Fdp+ . S vary(f). (A7)

n ['YZ j=m

Then, recalling that ¥ can be partitioned by {o*[y;] : i € N,0 < k < I(y;) — m}, we
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have that

/Efdu": 2

=1

3

=
E 2
/\gM‘

(/ fdﬂ”)

)= -
Z Pl |+ el Y varg(f)

j=m

@
S

IN

The second line here came from equation (4.6). Substituting in (4.7), we have that

/E Fd®

IN

'Yz [ee] o]
(i Z /k[ fdu+ ). Y vars(f) |+ u il Y var(f)
] ,
1 n l(vi)—-m o]
- = > / fdp | + 2" ar - an] > vary(f).

i=1 k=0 “o%[l j=m

Then, since g, — 1, Y po varg(f) < and p™[a; - - - a,,] = 1, we can take limits as

n tends to infinity in the above equation to get

lim fd,u </fd,u—|—25

n—oo

Repeating the argument but approximating [ fdu" from below and [ fdu from

above we get

lim fd,u >/fdu—25,
2

n—o0

and an identical argument shows that
/Agdu — 20 < lim /Agdu" < / Agdp + 26.
We now consider the entropy. Since [a; - - - a,,] is a sweep out set for o, we have that

hun (O') = hun“almam] (U|[a1...am]).
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But £1"|[4,...a,,] 18 @ Bernoulli measure on choices of ~;, and so

hyn (o) = —Zu”[%] log (1" [i])

_ 1 > ulyillog(ul]) + log(gn).

=1

Hence, since lim,,_,, ¢, = 1, we have that

lim (o) = — Z plyi) log (i)

n—oo

Now — "2, plyillog(plyi]) < oo, since otherwise lim,, o hy,n (o) would be infinite,

giving lim,,_, hyy(gzﬁ) = oo and contradicting the finiteness of P,(g). Then since

0</fd,u—25§ lim/fd,u" < /fdu—i—%
n—oo

/Agd,u —20 < lim [ Aydp" < /Agdp + 26 and
n—oo

lim hr(0) = =3 ulyillog(ulil),

n—oo

we can choose n and ¢ (and hence m) such that

— >0 mlyil log(uli)) N JeDgdp (o) [y Agdp”
Js, fdp Jo fdp [ fdpr 5 fdpr

< €.

Now we recall that for a finite partition (, %HM(O, VI oo ~'C) decreases to h,(o,()
(see theorem 4.10 of [Wal82]). Furthermore, for a generating partition ¢, H,(o, () =

h,(o), and the partition of cylinder sets of length one is a generating partition of

/. Then

=D bl log(ubl) = P, oy (Oliar--an)) = Bis(0).

=1
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So we have
hu(o) 4 J Dgdp _ hyn (o) _ J Dgdp”
Jfdw [ fdu [ fdur [ fdur

(hufw) +f gduf) - (hu;<¢>> + [ gdu?) <e

Vig) — <hu}‘(¢) + /gdu?) < 2

< €,

giving

and hence

as required. Each of our u™ are finite measures, so we scale them to be probability
measures without affecting p7. This makes each p an element of Sg’ 4> and completes

the proof. O

Lemmas 4.6.1 and 4.6.2 prove two different variational principles. Lemma 4.6.1
relates P, to a supremum taken over the set of flow invariant probability measures
which are the lift of finite shift invariant measures, whereas Lemma 4.6.2 relates
P4 to the set of ergodic flow invariant measures. It is natural to ask whether we
can state the variational principle as a supremum over flow invariant probability
measures [ty without the requirement that 1y should be ergodic or the lift of some
finite measure p. Unfortunately, because Y; is non-compact, we have been unable
to do this. We note that, in the case that the roof function f is bounded away from
zero, flow invariant probability measures are automatically the lift of finite invariant

measures on the base, and so we can state our variational principle in terms of M.
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4.7 Equilibrium States

Now that we have a coherent idea of topological pressure, it is natural to ask about

equilibrium states, which we recall are measures u € M, , satisfying

@) + / gdp = sup{h, (&) + / gdv = v € My},

In the case of suspension flows with roof functions f bounded away from zero, the
study of equilibrium states on ¥y has been reduced to the study of equilibrium
states on the base by the following result of Barreira and Iommi [BI06], which is a

generalisation of an earlier result of Bowen and Ruelle in [BR75] for finite shifts.

Theorem 4.7.1. Let 3, f : ¥ — R* and g : ¥y — R be as before, with the added
assumption that f is bounded away from zero. Then the following two statements

are equivalent

1. There exists an equilibrium state py € My 4 associated to g.

2. Pr(Ay—Py(g).f) = 0 and there exists an equilibrium state pr € My, ; associated

to Ay — Fy(g).f-

In the case that these conditions hold, py = L(1).

This theorem no longer holds in the case of suspension flows where the roof function
approaches zero. While the second condition still implies the first, it may be the
case that an equilibrium state for the flow is the lift of an infinite invariant measure
on the base. An example of this was given in section 4.2. In seeking a theory of
equilibrium states for suspension flows whose roof functions may approach zero, we

ask the following two questions.

Question 1: Is there a way of recognising whether a measure py on X, is an
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equilibrium state for some potential g by considering p, f and A, on ¥, even if

u(X) = oo?

Question 2: Is there a way of recognising whether there exists an equilibrium state

iy on Xy for some potential g without using the base transformation?

Regarding question 2, we recall that for a suspension flow for a finite Markov shift
there exists such a method. In [Bow72], Bowen showed that, for a Holder continuous
potential g : ¥y — R, the sequence of measures 1 , defined below converges in the

weak™ topology to the equilibrium state associated to g. The measures j, are
defined by
> (w0)ero() 1) exp(g(7(2)))X(a) (2)

> woerow XP(9(V(2)))X ()

Htg =

where PO(t) is the set of periodic orbits of period less than or equal to ¢ and 6., is

the invariant measure on the periodic orbit v(z) passing through z, with total mass

(7).

Furthermore, Hamenstadt proved in [Ham10] that the Teichmiiller flow, which can
be modelled as a suspension flow over a countable Markov shift, has a measure of
maximal entropy which is equal to the weak star limit of the measures p; . In future
work I plan to investigate the relationship between the sequence of measures ji 4
and equilibrium states associated to ¢g. In particular, it seems reasonable to make

the following conjecture.

Conjecture: Let Y, f and g be as above. Then there exists an equilibrium state
associated to g if and only if the sequence i, converges in the weak™ topology, in

which case the measures p; , will converge to p.

This would provide both new information about the way that periodic orbits are
distributed and a new criterion for the existence of equilibrium states. We mention

that putting f = 1 gives a corresponding conjecture for Markov shifts, which to
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the best of our knowledge is also new. So far equilibrium states for Markov shifts
are only understood in the case that the potential is bounded and has summable
variation, a positive answer to the above conjecture would give a significant new

criterion for the existence of equilibrium states.

4.8 Applications to the Positive Geodesic Flow

In this section we explain how our results can be used to significantly simplify

estimates of the topological entropy of the positive geodesic flow.

Let H = {z € C: Im(z) > 0} be the upper half plane equipped with the hyperbolic
metric. The modular surface is defined by M = H/SL(2,Z). Coding methods for
the geodesic flow on M have been the subject of much interest. One method of
generating a code for a geodesic v, the geometric code, involves tiling H with copies

of the fundamental domain
1 1
FZ:{ZGCZ—§§R6(2)§§,|Z| > 1},

and studying the sequence of edges of F' crossed by 7. Alternatively geodesics can
be coded by writing down the backwards continued fraction code of their attracting
fixed point, the so called arithmetic code. Each of these coding methods allows us
to model the geodesic flow as a suspension flow over a countable Markov shift. A
survey of these coding methods is given by S. Katok in [Kat96]. In that paper,
the set of geodesics for which the arithmetic and geometric codes are the same was
studied. This is also the set of geodesics which are always clockwise oriented when
mapped back in to the fundamental domain F. The geodesic flow restricted to this

set is called the positive geodesic flow.
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In [GKO01], Gurevich and Katok modelled the positive geodesic flow as a suspension
flow over a countable Markov shift with Holder continuous roof function. By replac-
ing f with the locally constant function g(z) := sup{f(y) : ¥ € [zo]} the authors
were able to use the results of Savchenko [Sav98] and Polyakov [Pol01] to get a lower
bound for the topological entropy of the flow (which they defined as the supremum
of the metric entropies, and hence coincides with our notion of topological entropy).
Similarly they used the infimum of the roof function on cylinders of length one to
get an upper bound. This method was generalised by Ahmadi Dastjerdi and Lamei
in [AL11] to give arbitrarily close approximation to the entropy. Their method was
to give a sequence of representations of the geodesic flow as suspension flows in
which the roof function becomes progressively more flat, and so g becomes progres-
sively better as an approximation of f and the method of Gurevich and Katok gives

increasingly good estimates to the entropy of the flow.

Our main result gives a simple way of estimating the topological entropy of the
positive geodesic flow by measuring the growth rate of the number of periodic orbits.
Unlike the method of [AL11], our method does not involve recoding the flow, because
we do not need to approximate the flow by suspension flows with locally constant

roof functions.
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Chapter 5

Zero Temperature Limit Laws

5.1 Introduction

Given a dynamical system (X,T") and a function f : X — R, an equilibrium state

associated to f is an invariant measure p; for which

huf+/ fdpy = sup {hy+/fdy}.
X vVEMT

Under certain conditions on X,T and f, equilibrium states exist and are unique.
If for some particular choices of X, T and f there exist unique equilibrium states
¢ associated to the function ¢.f for all ¢ > 0, we can ask what happens to the
measures /iy as t tends to infinity. Answers to such questions are broadly termed
‘zero temperature limit laws’, because of the following application to statistical

mechanics.

If (X, T) is a model for a system of particles in which interactions between particles
at temperature k are given by the potential f, then replacing f by ¢.f corresponds
to studying the same system at temperature £. Thus studying the equilibrium

t

states pu5 as ¢ tends to infinity corresponds to studying the system of particles as
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temperature tends to absolute zero, and the existence of a limit point of pf as ¢
tends to infinity corresponds to the existence of a ground state for the system of

particles.

The first occurrence of questions relating to zero temperature limit laws in the
context of dynamical systems seems to be in the thesis of Coelho, [Coe90]. Here
they were used as a way of finding maximising measures, that is measures u for
which the integral [ fdu is as large as possible. Given two measure g and v, the
metric entropies b, and h, do not depend on f or ¢, and so if [, fdu > [ fdv then

there will exist a T such that for all ¢ > T we have
hy +/ tfdu > h, —i—/ tfdv.
X X

If the function p — [ « fdp is upper semicontinuous with respect to the weak™
topology on M, as is the case for many systems including countable Markov shifts
(see [JMUO05]), any limit point of z;f must be a maximising measure for f. Ergodic
optimisation, which is the study of maximising measures, is an active field of research
and is one of our motivations for studying zero temperature limit laws. A good

introduction to ergodic optimisation is given by Oliver Jenkinson’s survey article

[Jen06].

The study of zero temperature limit laws tends to focus around the following three

questions.

1. Does ;¢ converge in the weak™ topology as t tends to infinity?
2. If so, can the limit be identified?
3. What are the properties of the limit points of fu;¢?

In [Bré03], Brémont proved the convergence as t tends to infinity of the equilibrium
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states ju:¢ associated to a locally constant potential f on a finite topologically mix-
ing Markov shift. This proof used techniques from analytic geometry. The results
of Brémont were extended by Leplaideur in [Lep05], using dynamical systems tech-
niques to prove the convergence of the equilibrium states pury4, where f is locally
constant and g Holder continuous. However Chazottes and Hochman showed in

[CH10] that if f is Hélder continuous then p;¢ need not converge.

There has also been interest in zero temperature limit laws for countable Markov
shifts. In [Iom07], Iommi proved the convergence of equilibrium states ;¢ for a lo-
cally constant potential f on a countable renewal type shift. In [JMUO05], Jenkinson,
Mauldin and Urbanski considered the equilibrium states 1 associated to Holder
continuous f on a countable Markov shift with suitable conditions to ensure the
existence of equilibrium states, given below. They proved that 1, has at least one

limit point.

If pis does converge then finding the limit can be useful. In [CGUQ9], Chazottes,
Gambaudo and Ugalde gave a simple algorithm to find the zero temperature limit of
s for f locally constant on a finite Markov shift. However in [BLL10], Baraviera,
Leplaideur and Lopes gave an example to show that, in the case of Holder continuous
functions on a finite Markov shift for which the zero temperature limit exists, the

limit can behave counterintuitively as f varies.

In [JMUO5], zero temperature limits were described as the most ‘physically relevant’
maximising measures. Further weight was given to this statement when, in [Mor07],
Morris proved that any limit point of j;y has maximal entropy among the maximis-
ing measures of f. So in the case that there is a unique maximising measure, or that
among maximising measures there is one with greater entropy than all the others,

the sequence ji;¢ will converge to this measure.

In this chapter we consider uniformly locally constant potentials on a countable
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Markov shift under suitable conditions as given in [JMUO5] to ensure the existence
of equilibrium measures i,y for all £. We prove that the equilibrium states fu¢
converge as t tends to infinity and that their limit can be found by first reducing to

a finite Markov shift and then using the algorithm given in [CGUQ9].

5.2 Set Up

We let (2,0) be a two sided Markov shift over a countable alphabet A satisfying
the big images and preimages property (BIP), as defined in chapter 2. Given a
function f : ¥ — R, we let P(f) denote the Gurevich pressure of f, and recall that,

for countable Markov shifts, a measure p is called an equilibrium state if it satisfies

h, + /fd,u = sup{h, + /fdu UV E MU,/de > —00},

noting that, in order to be well defined, the supremum is taken over a smaller class

of measures than M,.

The potential f is called uniformly locally constant if there exists an n for which
var,(f) = 0, giving f(z) = f(x_,---x,) for all z € ¥. By recoding the shift and
adding a coboundary if necessary, it is possible to assume that for a uniformly locally

constant potential f we have f(z) = f(zoz1).

We let h(u) denote the metric entropy of p and M, the set of ¢ invariant Borel
probability measures on Y. We define the weak* topology on M, by letting p,, —
if and only if for every bounded continuous function f : ¥ — R we have fz fdu, —

Js. fdp, as in Billingsley [Bil99].

We let Gibbs measures be defined as in chapter 2 and denote py the Gibbs measure

associated to potential f. For countable Markov shifts it is possible that for a
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Gibbs measure py we can have h, = oo and [ fdu = —oo, in which case the sum
h, + [ fdu is not defined. Our conditions will ensure that for all ¢ > 2, yi,¢ is both
the invariant Gibbs measure and the equilibrium state for £f. Such measures are

sometimes termed Gibbs equilibrium states.

We assume that f has summable variation and finite topological pressure and that
3} satisfies BIP. This implies that ¢f has summable variation and finite topological

pressure for all ¢ > 1, and therefore that Gibbs measures ji;¢ exist for all ¢ > 1.

In our case that f(x) = f(xox1), f has summable variation if and only if

sup{[f(z) = f(Y)l - x0 = yo} < oo

The following lemma will allow us to prove that the Gibbs measures p,; are also

equilibrium states for ¢t > 2.

Lemma 5.2.1. Let (3, 0) be a topologically mixing Markov shift satisfying BIP and
f 2 — R be uniformly locally constant and have summable variation and finite

topological pressure. Then ., exp(sup f|n)) < oo.

It was shown by Morris in [Mor07] that this implies that for all ¢ > 2 we have

S sup(t ) explsuptfjg) < oo.

i€A

which we recall from chapter 2 gives us that iy is also an equilibrium state. We
now have enough conditions to ensure the existence of p;; for all ¢t and to state our

theorem.

Theorem 5.2.1. Let (X,0) be a topologically mizing Markov shift satisfying BIP

and let f : X — R be uniformly locally constant with summable variation and finite
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topological pressure. Then the equilibrium measures py exist for all t > 2 and

converge in the weak™® topology as t tends to infinity.

It is known that in the case of a finite alphabet Markov shift and locally constant
potential the zero temperature limit exists. Our method will be to relate ;s to the
equilibrium states 14y of f on some finite subshift >’ C ¥ and argue that, for any
bounded continuous g : ¥ — R, fz gdp s — fz' vr(g) — 0 as t — oo, thus allowing
us to use the convergence of the 14y on the finite subshift to imply the convergence

of the py on the countable shift.

We now prove lemma 5.2.1

Proof. We know that 3 satisfies BIP, which we recall means that there exists a finite
set K = {ki, -+ ,kn} such that for each a € A there exist i,5 € {1,--- ,n} such
that k;ak; is an admissible word in X. For each pair (i,7) € {1, -+ ,n}? we define

the set A(k;, k;) to be the set of a € A such that k;ak; is an admissible word.

Since ¥ is topologically mixing, there exists some finite word z; - - - x,, linking k; to
k;, which gives that k;ak;z; - - - x,k; is an admissible word and can be extended to

a periodic sequence x of period n + 3.

Then since P(f) is finite, we have that Y- .15, exp(f""*(z))x(k)(z) < co. This

implies that

Z exp(f" 3 (kjakjzy - - 2oky)) = exp(f"T (kjay - xaks))
acA(k;,k;j)

X

Z exp(f(kia) + f(ak;))
acA(k;,k;)
< 09,

where we have used the fact that f is locally constant to split the summation.
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Now {f(kia) : a € A(ki, k;)} is bounded above and below since f has summable
variation, and exp(f"*(k;jz1 - - - x,k;)) is independent of a € A(k;, k;). So the above

line gives that

S exp(flaky)) < o<,

aE.A(k‘i,k]')

and so multiplying by exp(vari(f)) we see that

Z exp(sup fljq)) < 0.

G,G.A(ki,kj)

Each i € A appears in at least one of the sets A(k;, k;), and so summing over the

finite set of pairs (k;, k;), we have that
Zexp(sup fla) < o0,
icA

as required. O

5.3 Recasting the Question

In this section we recast the question as one about the convergence of ratios of
certain sums. It was proved by Jenkinson, Mauldin and Urbariski in [JMUO06] that,
given any pair (X, f) for which f has an equilibrium state s, there exists at least

one measure u for which

[ fin=ats) :=sup{/fdm:meMa}.

Such a measure is called a maximising measure and the set of maximising measures is
denoted M4, (f). Corollary 2.2.1 gives that there exists some f' ~ f with f'(z) =

f(xox1) and f' < a(f). For ease of computation we replace f with f' — a(f’),

76



without affecting the equilibrium states of f. We now have that a(tf) = 0 and
tf <0 for all £ € R. We use this to identify a finite set of symbols such that any

limit point of yy must be supported on ¥ restricted to this finite set of symbols.

Lemma 5.3.1. There exists a finite subset I = {iy, -+ ,ix} of A upon which

sup fls = 0, and a constant d > 0 such that sup f| < —d for alli € A\ 1.

Proof. There exists at least one maximising measure p. This measure must give
positive measure to the cylinder [i] for at least one i € A. But since f < 0, any
measure v giving positive measure to a cylinder [j] for which sup f|;;; < 0 must have

Js, fdv < 0. Then since f <0, [ fdu = 0 and p[i] > 0, we must have sup f|; = 0.

The set of states I upon which sup f|;; = 0 must be a finite set, otherwise
Y icaexp(sup f|p)) would be infinite, contradicting lemma 5.2.1. Indeed the same

argument gives that for any c € R, the set {i € A :sup f| > ¢} must be finite.

We choose a constant ¢ < 0 such that {sup f|; : i € A} N (c,0) is non-empty. As
argued above, this set must be finite, and hence there exists a largest such value

which we call —d. This completes the proof of the lemma. ]

The next lemma helps us to reduce the task of showing that 1,y converges to one of

understanding the behaviour of 1, on I.

Lemma 5.3.2. limy o i f([i1] U--- U [ig]) =1

Proof. Recalling that P(f) < oo, the variational principle gives the inequality

Sup{huquM¢,/fd/L:k} < P(f) — k.

Then
sup{h#—kt/fd,u:MEM¢,/fdu:k} < P(f)+ (t—1)k.
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But since there exists a maximising measure p for which [ fdy = 0, and h, > 0,

we know

sup{hu+t/fd,u:u€/\/l¢,/fd,u>—oo}20.

Combining these equations gives

P(f) + (t - 1)/fdutf >0,

Hence

—-P
[ sy = 2L,

Then since f < —d on ([i1] U --- U [ig])¢, we have

Letting ¢ tend to infinity, this proves the lemma. O]

The next lemma further simplifies the question of whether p;¢ converges.

Lemma 5.3.3. If pi;¢ fails to converge, then there must exist a finite word a; - - - ay,

with a, = ay such that pslay - - - ay] fails to converge

Proof. By the definition of weak star convergence, the sequence ji;¢ fails to converge
if and only if there exists some bounded continuous g : ¥ — R such that [ gdu,s
fails to converge. This in turn must imply that there exists a set B for which jus(B)
fails to converge, and since our topology is generated by the cylinder sets, there

must exist a set [by - - - by,] for which pi¢[by - - - by,] fails to converge.

Now we can take any symbol a; € A and write ji:f[b; - - - by,] as a countable summa-

tion of the measure of periodic words from a; to a; (this technique is explained in
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detail when it is used again at the end of this section). Then the non-convergence of
piflbr - - - by] implies that there exists at least one periodic word [a; - - - a,] for which

peglag - - - ayn] does not converge, proving the lemma. O]
We now show that the convergence of 15 is equivalent to a simpler condition.
Lemma 5.3.4. The measures .y converge if and only if limy o pirlal exists for all

a€l.

Proof. Given a word a = ay - - - a,, we write as shorthand u(a) := pla; - - - a,] and

fla) =022 f(o*(ar - -~ ay)). We write
(tf = P(tf))(z) = t.f(z) — P(Lf).

Then since f is locally constant the Gibbs inequality guarantees that, for a closed

loop a; - - - a, =, we have

pes V] = puglaa] exp((tf — P(Ef))(7))-

Since 5 is a probability measure, the above equation can be phrased as saying

points in [a] follow the path v with probability exp((tf — P(tf))(7)).

It was proved by Morris in [Mor07] that P(¢f) is monotone and decreases to h, the
maximal entropy of any maximising measure, and so P(tf)— P((t+1)f) — 0. Then
if f(7) =0, exp((tf — P(tf))(y) will increase as P(tf) decreases to h. If f(y) <0
then exp((tf—P(tf))(~y) will eventually decrease. In either case, exp((tf—P(tf))(7)

is eventually monotone, and so if ji;¢[a;] converges then fi¢[y] must also converge.

It remains to prove that s s[a] converges for all a € A. We know that s s[a] — 0

for a ¢ I, so we need only to prove the convergence of yi¢[a] for a € 1. O
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Furthermore, since I is a finite set it is only necessary to check the convergence of
pizrlal
i [0]

the ratios for a,b € I. The limit is allowed to be infinite.

peylal

can be rewritten in such a
weslb]

The rest of this section is dedicated to proving that

way as to make the study of the limit as ¢ tends to infinity comparatively straight-

forward. We fix a,b € I.

Lemma 5.3.5. The set
A:={x € X: x, = a for infinitely many positive and negative n}
has pp(A) =1 for all t > 0.

Proof. For all t > 0 we have prla] > 0, since jy is a Gibbs measure and hence
fully supported. Then by the Poincaré recurrence theorem, almost every point of [a]
returns to [a] infinitely often under the actions of o and o=, and so pir(A) > puslal.
Now A is a o-invariant set of positive measure, and hence since s is ergodic we

have p,r(A) = 1. O

In particular, this gives us that g ¢[b] = s ([b] N A).

We refer to a finite word zq---x, as a path from zy to z,. If xy = x, we call
To - - Ty & loop. We enumerate ()52, the set of loops {y =g 2y, z; =aiff j €
{0,n}}, and for v; = x - - - z,, we define I(v;) = n. Then A is partitioned by the set

{o*[vi] :i € N,1 <k <I(v)}, and so [b] N A is partitioned by the set

{o"[v] i € N1 <k < (), 0"[v] € [b]}
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We let N(b,7;) denote the number of occurrences of the symbol b in loop ;. Then

oo )

gt = >3 s (0t l) xen(o )

= Z Mtf[%]N(b7 %‘)

= D mlalexp((tf = P(L)) ()N (b, %),

and hence

ﬁ[[b]] = > exp((tf = PN

Now ()52, is the set of all loops from a to a which have no intermediate occurrence
of a. Loops 7; which do not pass through b do not affect the above equation and
we disregard them. All other loops 7; can be split into three pieces, a path from a
to b with no intermediate occurrence of a or b, N(b,v;) — 1 loops from b to b with
no intermediate occurrence of a or b, and a path from b to a with no intermediate

occurrence of a or b.

For i,j € {a,b} we denote by {a : i — j} the set of paths & = oy -+, with

a) = 1,04, = j,a; ¢ {a,b} fori € {2,--- ;m — 1}. Then

=
=
=
I
NE

(n+1) < > expl(tf - P(tf))(a))> < > exp((tf - P(tf))(a))>

aza—b a:b—b

o

n=

< (T exp((tf—P(tf))(a))> . (5.1)

ab—a

Hef [0]
pierlal

Each of these summations is a sum of positive terms. The finiteness of
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guarantees the finiteness of each summation, and so the sums must converge. This

ensures that the following is well defined, for i, 5 € {a, b} we define

vy = Y exp((tf - P(tf))(a)).

aii—jED

Rewriting equation (5.1) with this new notation we get

g lal

ey [b] = phpl. (i(n + 1)(1921;)")

n=0
t .t
PavPpa
= —= 5.2
(1 — pi)? (5:2)
Similarly
Iutf[a] —_ pflbp;)a (53)

perlb] (1= pha)*

and so dividing equation (5.2) by equation (5.3) we see that

(pes 0D Papha o, (1= Paa)® _ (1= Paa)”

(glal)>  (L=p4)% ~ phyph, (L —ph)?

This gives us that
paglb] 1 — pag
paglal 1 —pp,

Thus we have reduced the problem of showing that s converges to showing that
ot

the ratio l—p‘;“ converges for each a,b € I. In the next section we define a relevant
— Pip

finite Markov shift and use the above form for the measure to compare equilibrium

states on the finite shift with those on the countable shift.
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5.4 A Related Finite Markov Shift

We have already seen that any limit points of y¢ are fully supported on X|;, which
is a finite Markov shift. Our goal is to define a suitable finite Markov shift ¥’ upon
which equilibrium states for ¢f approximate j s, and use the convergence of the
equilibrium states restricted to ', which is guaranteed by the theorem of Brémont,

to prove the convergence of ji;r. The following three definitions give such a >'.

Definition 5.4.1. Given X, f and k € R we define ¥ to be the subshift of finite

type 3 restricted to the set of sequences (x,)>2 for which each z, € {i € A :

sup,ep{f(2)} >k}

Definition 5.4.2. We let ¢ > 0 and N € N be constants such that for each a,b € I:

1. There exists a loop v in X passing through a and b with f(v) > —c and
I(y) < N.

2. If there exists a loop v in X passing through a and b and avoiding some set

I' C I, then there exists such a loop with f(v) > —c and I(y) < N.

3. The transitive component of X_. containing all of I is topologically mixing.

We choose for each I’ a loop passing through a and b and avoiding I’, should such
a loop exist. We let —c¢ be the minimum value of f() for any of these loops and
N be the maximum length of any of the loops. Since the set of subsets I’ of I is
finite, both ¢ and N are finite. In considering p!, we are interested in loops from a
to a which avoid b, part 2 of the above definition is necessary in considering paths

which avoid various subsets of 1.

We say that a and b are in the same component of ¥, if there exists some n € N such

that o~ "[a] N [b] # ¢, where [a] and [b] are cylinder sets in ¥;. For any pair a,b € [
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there exists a loop 7 € ¥ passing through a and b, and hence by the definition of ¢
there exists such a path with f(y) > —c. Therefore for any k < —c there exists a

component of ¥, containing all of the elements of .

Definition 5.4.3. We define X' to be Y_7. restricted to the transitive component

containing I.

(37, o) is a finite topologically mixing Markov shift, and hence there exist equilibrium
states 14y associated to tf|yy. The term P(tf) is now ambiguous, we let Py denote
the topological pressure of the potential ¢f on ¥ and ();; denote the pressure of ¢ f
on X'. We have that Py > Q.

Our choice of —7c¢ is purely to make the following analysis more simple. In fact,
choosing —c would be sufficient, we show that the behaviour of p;s is mirrored by
the behaviour of vy on the finite shift ¥’, but once we have reduced to the finite
case we can use the algorithm of Chazottes, Gambaudo and Ugalde in [CGUO09],
which confirms that in order to find the zero temperature limit of the equilibrium

states on Y it is enough to look at ¥_..

Defining g;; = >, ;e exp((tf — Qip)(@)), the analysis of the previous section

yields
th[b] _ 1_qg,a
vrla]  1—q,
b
Now the convergence of i [[ ]], which is the main result of [Bré03|, ensures the
th a
1-— q(tm . . — pfw
convergence of ~. We will use this to prove the convergence of Iy and
— I — Dy
b
hence of pas [P .
fizflal
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5.4.1 Convergence

a(t)

We let a(t) ~ b(t) mean that lim; ., —= = 1.

b(t)

t. for summation over paths between i and j, and

We introduce a third term, r;;,
recall the earlier definitions for comparison. There are two causes for the difference
between pﬁj and qu, that we change the pressure from Py to Qyf, and that we are

summing over a different set of paths. While Tfj has no physical or probabilistic

interpretation, it allows us to separate out these two effects.

vy = Y exp((tf — Fiy)la))

a:ii—jED

@ = > ew(tf = Quy)a)
aii—jex’!

o= ) ep(tf - Py)(a).
aii—jeX!

€ naver;, = p,., S1ce € set oI patns Irom 7 1o j at lie entirely 1n 1S a subse
We h ii < pl;, since the set of paths f  to j that lie entirely in ¥’ i bset

of those in ¥. Furthermore, r{; < gj; because Q;y < Py

Since a and b were arbitrary, statements for pl, , ¢%, and r!, automatically carry over

to phy, b, and rf,. This rest of the section is structured as follows.

1. Find a lower bound for 1 — p, and 1 — q;,. (Lemma 5.4.1).

2. Show that p, and 7%, are close. (Lemma 5.4.2, proof deferred until the next

section).

3. Combining the results of steps 1 and 2, infer that 1 — pf, ~ 1 — 7! (Lemma

5.4.3).

t ot
4. Prove that the sum 7%, + lr“brb‘t’ is close to 1 (Lemma 5.4.4). This is done by
)

observing that the corresponding sum for pﬁj is equal to one, and then using

step 2.
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5. Combining steps 1 and 4, infer that 1 — ¢%,, ~ 1 —rf, (Lemma 5.4.5).

6. Combining steps 3 and 5, conclude that 1 —pf, ~ 1 —¢’,, and show that this

proves our main theorem.

To prove that pt, ~ ¢, is relatively straightforward, but for our purposes we need
to prove that 1 —pl, ~ 1—¢’,. To this end, it is necessary to find lower bounds on

1—pt, and 1 —¢,.

Lemma 5.4.1. 1 — p}, > exp(—tc — NFy)

Proof. By the Poincaré recurrence theorem, the probability, with respect to pi:¢, that
a path from a returns to a eventually is one. We split this into p!,, the probability
that a path from a goes to a without passing through b, and pf,p}, > (ph,)", the

probability that a path returns to a passing through b at least once. So

- Pl
pfm +pfsz2a Z(pzb)n = pfm + 1 a_ p? =L
n—0 bb

We recall that by the definition of ¢ there exists some path v from a to a passing

through b with f(y) > —c and [(y) < N. This path is included in the summation
PabPha Do Php> 5O

[e.e]

1= phy = Plsbha Y ()" > exp(—tc — N Pyy).
n=0
The same arguments work for 1 —¢,, 1 — ¢}, and 1 — p},. O

We also note that, by the definition of ', pf, = 0 if and only if there is no path
« : a — a which avoids b. If there does exist such a path, then there exists one of
length less than or equal to N and with exp(tf — Pis)(a) > exp(—tc — NPyy). In

this case pl, > exp(—tc — NPyy).
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We need to use the following technical lemma, the proof of which is deferred to the

final section.

Lemma 5.4.2. There exists a K € R such that for all t > 0 we have

t
Paa

IN

rt + K(exp(—3ct)),

IN

i i+ K (exp(—3ct)) and

Phbha < Thyrhe + K (exp(—3ct)).

This allows us to prove in a very simple manner the asymptotic convergence of the

1 it
ratio —p;w to 1.

aa

t
aa’

Lemma 5.4.3. 1 —pL, ~1—7rL 1—pl, ~1—1%

Proof. We have that 1 — pl,, > exp(—ct — NP;s). Then

ot t .t _
1 < 1 Taa -1 +paa Taa < 14+ K(exp( 3Ct) 1
1= Plg 1= pha exp(—ct — NFy)
giving 1 — pt, ~ 1 —r! . Identical arguments work for p},. O

The following two lemmas prove that 1 — 7% ~1—¢’,.

Lemma 5.4.4.

t .t
roa.r
Tt ab’ ba

aa it
1=y

> 1 — o(exp(—ct))

Proof. We assume that p., > 0. Using lemma 5.4.2 we have

DopPha — K (exp(—3ct))
1 — p}, + K(exp(—3ct))

_ K(exp(=3ct)
, (1_ K (eXp(—?»ct))) L Pbha (!

PabPha
pfw 1— pr 1+ K (exp(—3ct))

1—pj,

t Tob"ba ¢
Taa + t Z Paa — K(exp(_36t)) +
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We have that p!,,, pt,ph, and 1 — pf, are all greater than exp(—ct — NP;f). So using

the above line we have

<

t .t
%+fW% > pl, (1 — K exp(—=3ct + ct + NPy))
Ty
Lok, 1 — K(exp(—3ct + ct + NPy)) (5.4)
1—pt, 1+ K(exp(—3ct + ct + NPyy)) .

> (g 4+ PabPha 1 — K(exp(—3ct + ct + NPy))
- “ o 1—nph ) \1+ K(exp(—3ct +ct + NPy))

= 1—o(exp(—ct)).

If pt, = 0 then rf, = 0 and we have that r%, > p! (1 — Kexp(—3ct + ct + NPyy)),
and so equation (5.4) still holds and we complete the proof as in the case that

P, > 0. O

Finally, the following lemma gives 1 — g;, ~ 1 —r{,. Combining this with lemma
5.4.3, which gives 1—7r% ~ 1—p! = we have the required asymptotic relation between

1- C]Za and 1 _pfm'

Lemma 5.4.5. 1 -7t ~1—¢.,, 1—1rf, ~1—¢,.

Proof. Since Py > @iy we have immediately that 1 — 7%, > 1 —¢’,. We consider

the other direction.

¢t
Substituting ¢, + f‘ﬁ’—qb‘z = 1 into the result of lemma 5.4.4 gives
— Dy
t ot t ot
t Tab"'ba t 4apba
r > + —— — o(exp(—ct)),
aﬁj_%_%al_% (exp(—ct))

88



and so

t ot t .t
o qapba "ab"'ba

1-rt < 1-¢
l—qy 1-r1

aa — aa

+ o(exp(—ct)).

t .t t .t
Tab ba < 40b9pa

- < +—, and hence
L=y = 1—gqy

Then since rj; < g;; we have
1—q¢, <1—7t <1-—q, +o(exp(—ct)).
Finally using 1 — ¢!, > exp(—ct — NP;s) we conclude that

1—rfw~1—q2a.

Then combining lemmas 5.4.3 and 5.4.5 we have

:utf[b] _ 1_p2a ~ 1_T2a ~ 1_q2a _ th[b]
ey lal 1 —p, 1=y, 1—q,  wylal

which converges, and so the limit lim;_, Hey Ol

exists, giving us finally that lim;_, ptf
s [al

exists and proving theorem 5.2.1.

The exact value of lim;_,, 14 is given by an algorithm in [CGUO09] which terminates
after finitely many steps. Then since lim;_, ft¢f gives the same measure, we have
that the zero temperature limit for the countable case can be given by reducing >

to X’ and then following the same algorithm.
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5.5 Proof of Technical Lemma

The following technical lemma was stated earlier and used in the proof of theorem

5.2.1.

Lemma 5.4.2.There ezxists a K € R such that pt, < rt, + K(exp(—3ct)), pi, <

rh, + K(exp(—3ct)) and pLyph, < riyri, + K(exp(—3ct)) for all t.

Before proving the lemma, we explain why the proof is relatively technical. Hope-

fully this will also go some way to explaining the direction taken in the proof.

The difference between p’, and r!, is that p’, is a summation over a set of paths
in ¥, whereas !, sums only over the intersection of that set of paths with >'. But
by the definition of X', any path « : @ — a which exits ¥’ must necessarily have

f(a) < —=Te, while there exists a path o : @ — a contained in ¥ with f(ag) = 0.

exp((tf = Fis)(a))

This might tempt one into thinking that, for any o : @ — a € ¥\,
exp((tf — Fis)(c))

decreases as t increases. However this is not always true. P, is decreasing, and so

—P¢(o) = —(l(a) — 1) Py is increasing, and the rate of increase depends on the

length of the loop a.

If the loop « is much longer than «q then the effect of the increase of —Pis(a) as ¢
increases may be large enough to compensate for the decrease of ¢ f(«) for sufficiently
small ¢. This effect forces us to pay careful attention to the length of loops that we

are dealing with and is the reason that the following proof becomes technical.

Proof. We prove the inequality for p.,, which extends to the case of p!, since a and
b were arbitrary. We explain at the end of the proof why the same argument also

works for the product pt,pf .

For any path a : a — a we let n(«) be the number of occurrences of elements of 1

90



in . We define the set X' to be the set of possible sequences a = 41,49, -+ ,1, = a
of elements of I in paths a : @ — a with n(a) = n. Then, writing « : i, < 4541 for

paths a from 7, to i1 not passing through any other element of I, we have

Pha = > > S exp((tf — Py)(a)) | and

n=2 iy, in€Xn k=1 \ aiip—rigq1€S

e = > D Y ep((tf - Py)(a)

n=2 141, ,in€XY, k=1 i g1 €Y/

We define

= Y T T ewts - Py

i1, in€X0, k=1 \ aiigrip1 €S

this is the summation p!, restricted to those paths a with n(a) =n. We let 7% (n)

be defined similarly. We define

Then
> 1
<pt gt = E ¢ 1——.
O —_ paa ,r(lCL n:1 paa(n) < e(n))

We now require another technical lemma, which is proved immediately after this
proof is completed. This allows us to prove that p’ (n) decreases in n with a certain

rate, giving return time statistics for the set [a].

Lemma 5.5.1. There exists a Ky such that, for v > 0 and n € {r|I|,r|I| +

17"' 7(T+]—>|I|_1}7

1. paa(n) < (1 —exp(—ct — NFy))"
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2. €(n) < (1+ Kyexp(—bet))" ifr > 1

3. e(n) < (1+ Kyexp(—bet)) forn e {1,--- ,|I| — 1}

Then using this lemma we have

o=t = 20 (1= 75)

< 37 pla(n) (e(n) = 1)

n=1
< 11D (1 —exp(—ct — NPy))" (1 + Kyexp(—5ct))” — 1)

r=0

B 1] o

1 — (1 —exp(—ct — NPy))(1 4+ Kyexp(—5ct)) exp(—ct — NPy)
3 1 o
~ exp(—ct — NP,y) — Kyexp(—5ct))  exp(—ct — NPyy)
< K exp(—3ct)

for sufficiently large K, completing the proof of the technical lemma. O]

It remains only to prove the three claims of lemma 5.5.1.

Proof. Claim 1:

To find an upper bound on pj,(n), we in fact find an upper bound on Y7 p{,(5)-
By the definition of ¢, there exists for any i; a closed loop v based at 7, passing
through a, avoiding b, and with f(v) > —c¢, () < N. We can remove any subloops
from ~ without decreasing f(v) > —c, since f < 0. Then ~ contains a path from iy

to a passing through at most || elements of I.

Elements of [i;] follow path v with (u.r) probability exp((¢f — Pif)(7v)) > exp(—ct —
NPy¢). Then in particular, the probability that an element of [i] passes through at

most |7| elements of I before returning to [a] is greater than or equal to exp(—ct —
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NPy). So 33, pla(k) < 1 and

> pha(k) < (1—exp(—te— NPy)) Y pl,(k),
k=m+|I| k=m

giving that for n € {r|I|,r|I|+1,- -, (r + 1)|I| — 1},

Pha(n) < Y pha(k) < (1 —exp(—tc— NPy))".
ke=r|I|

Claim 2: We recall that P decreases to h, the maximum entropy of any maximis-
ing measure, and that d > 0 is such that sup f|; < —d for all : € A\ 1. We let T

be such that Pry < h+d. Then we have that for all ¢ > T,

—d < P(t+1)f — Ptf < 0.

We consider (tf—P,s) evaluated along a path o = a - - - iy, @ i, = Gy € Z\X,m >
2. We have f(apa) <0 and f(a,any1) < —d for 1 < n < m, because a,, is not an
element of [ for 1 < n < m. Furthermore, since o € ¥\ ¥/, there exists at least one

n for which f(a,an41) < —7c. So

((t+1)f = Pasnyp)(@) = (tf = Pi)(@) = (f = Plerays + Pip)(@)
= m(By = Puyyy) + fla)
< md—Tc—(m—1)(d)
= —Tc+d

< —6c
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for t > T. We define

Ky :=exp(6¢T’) sup Z exp((T'f — Pry)(«))

feotht1 i €X\X

and see that for any choices of iy, 11 and for any ¢t > T,

> exp((tf — Py)(e)) < Ky exp(—6ct).

Qi g1 EZ\Z’

Now by the definition of ¢ there exists some path 5 : iy < iy € 3 with f(5) > —c.

So for t > T,

Y. ep((tf - Py)(a)) < Kyexp(=5et) Y. ep((tf - Py)a)
a:ik(—>ik+1€E\E’ a:ik‘—>ik+162’
giving

Y. exp((tf—Py)(a)) < (14+Kiexp(—5ct)) Y. e((tf - Py)(a)

il 41 €S Oz:ik;)’ik_FlEZ'

So for any n € {r|I|,r|I|+1,---,(r+1)|I| — 1} we have

Paa(n) (1+ K exp(—5ct))"

Tha(1)
< ((1 + K eXp(—5ct))2|1\)T

for r > 1.

Now expanding (1 4+ K exp(—5ct))?!! we get 22| terms. One of these terms is 1,

and the rest are of the form (K exp(—5ct))?, j € {1,---,2|I]}.

If K, <1 then we put K, = 221=1 If K| > 1 we put K, = 22|I|_1K12m.
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In either case we have (1 + K exp(—5ct))?!l <1+ Kyexp(—5ct), and hence

~—

Pha(n

Tea(1)

< (14 Kyexp(—bct))"

for r > 1, completing the proof of claim 2.

Claim 3:

Following the above analysis, we have that, for n € {1,--- ||| — 1},
Paa(1) n
() < (14 Kyexp(—bct))

< (14 Kyexp(=5ct))M!

< 14 Kyexp(—bct).

This completes the proof of claim 3 and hence of lemma 5.5.1.

We also mention that the above proof for pf, and p}, extends to the product pf,p..

Where statements were made about loops passing through a and avoiding b we

replace them with statements about loops passing through a and b, allowing us to

replace pf, with pl,pt . This was required to prove the statements involving pf, in

lemma 5.4.2.
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Chapter 6

Factors of Gibbs Measures for
Subshifts of Finite Type

In this chapter we consider a map II from a subshift of finite type ¥; to another
subshift. Given a Gibbs measure p on ¥; we ask what can be said about the image
measure v := poll~!. We give sufficient conditions to ensure that the image measure
v is a Gibbs measure. We also give an example of a map II which does not satisfy

our conditions and for which the resulting measure v is not a Gibbs measure.

Factors of Markov shifts appear in many natural situations. For example, if we
observe a system with Markov dynamics, but our observation is imperfect and two
states in the system are indistinguishable, then we do not see the true transforma-
tion. Instead we see some factor transformation on the set of equivalence classes
of indistinguishable states. This observed transformation may not be Markov even
if the original transformation is, and it is for this reason that such factor transfor-
mations are referred to as hidden Markov processes. Further examples of hidden
Markov processes include the transmission of codes down a noisy channel which
corrupts information, mutations in DNA sequences, and reductions of the number
of colours or pixels in digital images. Recent survey articles by Boyle and Petersen

[BP11] and by Verbitskiy [Verll] give a good introduction to hidden Markov pro-
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cesses and their thermodynamic formalism.

Gibbs measures play an important role in the study of symbolic dynamical systems,
but the image of a Gibbs measure need not always be a Gibbs measure. In studying
a dynamical system with respect to some invariant measure p, the knowledge that
is a Gibbs measure allows one to use a variety of techniques to study the dynamical
system. For that reason, knowledge of whether the image of a Gibbs measure is still

a Gibbs measure is useful in the study of factors of Markov shifts.

Further motivation for studying this problem is drawn from questions of renormal-
izations of Gibbs measures in statistical mechanics. This is discussed in section

6.6.

In the case that p is a Markov measure, sufficient conditions for v to be a Gibbs
measure were given by Chazottes and Ugalde in [CU03]. These results were extended
to deal with the case that p is a Gibbs measure and ¥; is a full shift in work by
Chazottes and Ugalde [CU11]|, Verbitskiy [Verll] and myself and Pollicott [KP11].
In this chapter we discuss the most general case of a Gibbs measure supported on

a subshift of finite type.

6.0.1 Preliminaries and Technical Hypotheses

Recalling definitions from chapter 2, we let »; be a subshift of finite type. We let
1 be a Gibbs measure supported on >; associated to potential ¥;. The potential
11 must be continuous in order to satisfy inequality (2.1), but we do not impose
any extra requirements on its regularity. By replacing 1)y with wAl = — P(¢q) we
have that p is a Gibbs measure associated to 1 with P(@ﬁl) = 0. This allows us
to consider only potentials ¢; for which the pressure P(1;) equals zero. We now

define our map II.
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Definition 6.0.1. Suppose we have a map 11 from alphabet A = {1,--- ki} to a
smaller alphabet {1,---  ka}. This can be extended to a map from subshift of finite
type 3y over {1,---  k1} to subshift o over {1,---  ko} by defining I1((x;)32,) :=

(I1(x;))2- We call 11 a one block factor map.

Similarly, given a map II : {1,--- &k }" — {1,--- ,ko}, we call the corresponding
map II : 31 — ¥y an n-block factor map. Any continuous factor can be represented
as an n-block factor map for some natural number n, see [BP11] for a proof of
this fact along with a detailed introduction to factor maps in symbolic dynamics.
Then by recoding words of length n as letters in a new alphabet, we can reduce our
problem to the study of 1-block factor maps. The images of Markov shifts under
one block factor maps are also referred to as fuzzy, lumped or amalgamated Markov

chains.

¥, is not necessarily a subshift of finite type, it will be a subspace of {1, -, ko}"
but it need not be the case that the set of admissible sequences can be defined by

a finite number of forbidden words.

It was shown by Chazottes and Ugalde in [CUO03] that, in general, the image of a
Markov measure on a subshift of finite type need not have a potential defined at all
points, and hence need not be a Gibbs measure. We give a further simple example

in Section 4. This motivates the following conditions.

The first condition is a mixing condition on fibres II7!(z). Loosely, it says that

if there exist sequences z,z’ € I171(2) then for any n and m > N there exists a

/

sequence y € I Y(z) with g1+ yp =21+ 2 and Yo - = Ty -+

The second condition says that, in order to verify that a symbol x,, mapping onto
z, can be extended to a sequence x mapping onto z, one needs only to check that

Z, can be extended to a word x,,_y - - T,y Mmapping on to z, N - ZpiN-
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The following definition allows us to state our hypotheses more formally.

Definition 6.0.2. Given a set B C ¥, we let A,(B) be the set of values of x,, for

sequences x in B.

Hypothesis 6.0.1. We assume that for Il : 31 — 35 there exists a natural number

N such that for any z € ¥, j € ¥y,

1. Given m,n € N with m > N, if there exists x in 1171 (2) with T, = j then

Adz : Tpym = 5, (z) = 2} = A {ll(2) = 2}

2. An{i : H(xn—N T xn—i—N) = Zp-N """ Zn—l—N} = An{& : H(l) = é}

Up to recoding of the alphabet A we can assume that N = 1, and thus the hypothesis
implies that Y5 is a subshift of finite type, and that specifying some digit x,, in the

set of sequences projecting to a word z only places restrictions on x,, 1 and x,1.

These hypotheses are trivially satisfied for full shifts. Our conditions include cases
not covered by [CUO03], for example if z is periodic we do not require that N should
be the period of z. In section 6.5 we explain these conditions further and put them
in the context of the technical conditions of Fan and Pollicott in [FP00], and explain

how our conditions are weaker than those of [CU03].

Example 6.0.1. Consider the shift space o : 31 — Y1 associated to the transition

matrix




Then {2} = Ai{z : I(x129) = ba} # Ai{x : H(x1) = b} = {2,3,4}. We also
see that putting r1 = 3 makes it impossible that xo=3, but places no restriction on
possible values of xsxy... Thus the hypothesis fails on both counts with N = 0, but

putting N = 1 it is satisfied.

6.0.2 Results

The following is our main theorem.

Theorem 6.0.1. Suppose that 11 : ¥y — 3o satisfies hypothesis 6.0.1. If u is
a Gibbs measure on ¥, then v = poII7! is a Gibbs measure on Xo. If 1y is a

potential for p and vy a potential for v then

1. If var, (1) < 019{/ﬁ for some ¢y > 0 and 0, € (0,1), then var, (1) < 0295/5

for some co > 0 and 6, € (0,1).

2. If 3°2° snfvar, (Y1) < oo for some k > 1 then > "7 n* tvar,(s) < co.

This generalises results in the papers [CU03| and [CU11] by Chazottes and Ugalde
and [Verll] by Verbitskiy. In [CU03| it was shown that the image of a Markov
measure is a Gibbs measure with Holder continuous potential provided the map
IT satisfied two topological conditions. In [CU11] and [Verll] it was assumed that
Y1 is a full shift, and bounds on the regularity of 15 were given in terms of the
regularity of ¢;. The results of [CU03] and [CU11] follow as corollaries to theorem
6.0.1. [Verll] gives sharper bounds than theorem 6.0.1 on the regularity of ¢y in

the case that ¥, is a full shift and v, is Holder continuous.

It was conjectured by Chazottes and Ugalde in [CU11] that for any Gibbs measure p
on a subshift of finite type ¥, there would exist constants C', C5 such that the image

of 1 under any one-block factor map would satisfy the inequality in Definition 2.2.3
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almost everywhere. An example in section 6.4 shows this to be false. We believe
that, while Hypothesis 6.0.1 could potentially be weakened, the principle that a
choice of 2y cannot affect potential choices of z, for arbitrarily large n is crucial to
the validity of the theorem, and thus that the theorem probably cannot be extended

to more general factors of subshifts of finite type.

It was demonstrated in [Verl1] that Hélder continuity of the potential is preserved
under factor maps in the case that > is a full shift. The question of whether the
same is true for subshifts of finite type remains open. The regularity conditions on
¥y in theorem 6.0.1 (i) are weaker than Holder continuity, but we have been unable
to show that requiring v; to be Holder continuous improves the estimates on the

regularity of s, except in the special case given in example 6.4.2.

In section 6.1 we will define a function 1 and show that, should it be well defined,
it is a potential for v. Section 6.2 is dedicated to demonstrating that ¢, is well
defined. In section 6.3 we prove that the variation behaves as in theorem 6.0.1. In
section 6.4 we give an example and define a class of potentials for which Holder

continuity is preserved under II.

6.1 Defining the Potential 1

In this section we define a sequence of functions which are potentials for measures
which approximate v. The most technical part of the chapter involves demonstrating
that the limit of this sequence of potentials converges and satisfies certain regularity
conditions, this is deferred until the next section. Here we assume that the limit is

well defined and show that it is indeed a potential for v.
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Definition 6.1.1. We define our projected measure v in terms of y by

vz zn] = Z plag -+ - ),

TO T

where the summation is over all words xq - - - x, in X1 projecting to zo- - - 2,.

Since p is a Gibbs measure, there exist by definition a potential ¢; and constants

C, C5 such that

01( S e ?*%w(xn)») < vz z)

=T Tn

for any sequence w(z,) in ¥; which can follow z,. If we can find constants ki, ks

independent of n and a function 5 such that

k( > exp( ?“(w(aw))) < exp(ust(2)

< k( S exp( ?wan))))

T=T0 " Tn

for all t € ¥y and some w(z,) in ¥y, then combining the previous two inequalities

will give
g < V[ZO"'lzn] < %
ko~ exp(¥y 7 (z)) T R

This would make 15 a potential for v. Dividing by exp(¢5(c(z))), we see that such

a 1y would also have to satisfy
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by Doy, SPUTT (z()))
Ky Dy, XD (2'w(2y)))

IN

exp(¥2(z))

n+1

o ke Zaaga, P (zw(n)))
Tk Y e, XU (2'w(2)))

Our aim is to use these equations, letting n tend to infinity, to define a potential

Ya.

In [KP11], where we restricted our attention to factors of full shifts, we investigated

the sequence

> emageay XD (2w()))
> pmay o, DU (2w (7))

and showed that letting n tend to infinity led to a definition of 5. Because we

Upn(2) =

are dealing with the factors of subshifts rather than full shifts in this work the
concatenation of sequences is more difficult, and in particular there is no simple
expression for uy »+1(z) as a function of terms u,/ ,(z). This motivates the following

refinement of the definition.
Definition 6.1.2. Forn € N, j € A and w = w(j) a sequence in Xy such that jw
is admissible, we define Uj, @ Mo — R:

Zz Lo Tn—17 exp( n+1(

Doy 1y EXP(UT (2

Ujwn(2) =

where

1oy =" hoat and Yt =3 0 0

2. each summation is over finite strings from ¥y for which x; projects to z;, for

i€{0,...,n};
3. xjw € ¥y denotes the concatenation of words to give the sequence
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(xo...xn_ljwowl...)'

We note that there is an explicit dependence on the choices of j and w here, and
that technical reasons make the introduction of j and w necessary. However, we will
show that the limit u := lim,, o %4 is a well defined function depending only on

2z € ¥y and that 1, := logu is a potential for v.

Given a finite word xy - - - @, ¥ (21 - - - ) is not defined, and so we have introduced
w in order that we can consider ¢, (z; - - - x,,w). It will often be necessary to consider
tail sequences after various different words, and since ¥; may not be a full shift we
may have to consider different tail sequences w for different choices of x,,. We define
w : {1,--- k} — Xy, this assigns a tail sequence w(x,) to follow zy---x, for

each possible value of z,. As shorthand we write x - - - x,w for the concatenation

x1 - wpw(xy,).

Proposition 6.1.1. u(z) := lim,, o wjwn(2) is well defined and independent of j

and w.

We return to the proof in the next section. We work towards showing that, should

u(z) be well defined, log(u) is a potential for v.

Lemma 6.1.1. There is a constant C' depending only on 1y such that for each

n,s € N with s > n and for each z € Y,

1 _ g, X0 P aw) Yoas o, ©XD(0] " (TW0))

c > v, P (2w))

<C

Proof. We split the expression into two fractions. Hypothesis 6.0.1 gives us that
a choice x, cannot affect choices of x, 9, since for any x, there exists an x,,,
projecting to z,.1 such that z,x, 12,.2 is an admissible word. Given x,,, we shall

use the notation Y =" 1z, t0 mean the summation over all words T = 41 -+ T
—4n &
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in ¥y projecting to z,.1---2zs with the added restriction that x,z,,; must be an

admissible word in ;. Then given x,, we have

o D, P (W)
T e, XP(Y] " (Tw))

PR B s o (R ™)

Dtz 2uremnsy XU (TRw))

Here all we have done is to split the summation into two pieces. But this can be
further rewritten
—n—1/~ n — A
D iy, XP(OTTH (Ew)) Y2510 exp(vh (TEw))

Db say EXP(UTT T (@w)) DI exp (v (Tiw) )
< exp(varg(11)).|Al.

The final line follows because, given any z,,z, hypothesis 6.0.1 guarantees the ex-
istence of at least one choice of 7 linking x,, to z,o and there can be at most |A|,

thus the ratio of the number of terms can be at most |A|, and for any T = x,,,1,

exp (v (' Tw))

exp(Yy (T2w)) < exp(varo(¢1)).

We note that from the definition of a Gibbs measure we have that, for any choices

J— /
of x =xg---x,, wand W,

Crexp() ! (zw)) < pifeo -+~ 2] < Chexp(yy ™ (zw')),

which gives in particular that for any 7,

D sga, P (2Tw)) T G
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Returning to our original expression, we have that

n+1 s—n

D imgan EXPOTT (2w)) 3 r, L exp (U7 (Tw))
> iz, DU (2w))
D ammg, DT (zw)) Yoo, L exp(U] T (Tw))

Y aage, @PWT T (@TW)) 3231, L exp(P] " (Fw))

Al exp(uar(v:))

IA

and so putting C' = |A] exp(varo(@bl))g—f we are done. O

We define 15 := logu. The following lemma gives that 5 is a potential for v.

Lemma 6.1.2. If u is well defined then 1o is a potential for v.

Proof. Fix n > 1. We can write

;+1(§) = hmm—H—oo log uj,y,m(g) + -+ hmm—)-ﬁ-oo log uj,y,m(an§)7 giVing

A

w) =

= exp (Y (zw
ln 10g< S sy ST (20)) )

m——+00 Zf:mmrl“'wmflj eXp( IﬂJrl(Ew))

Moreover, by lemma 6.1.1

Y. et aw) <C Yy ep@T@w) Y exp@T(Tw)

T=T0 Tm—1] z'=x0Tn T=Tpn4+1'Tm—1]

so we can bound

+1
_ n+1l/,../ < Zgzxomxm,ljexp( {n (ﬂ))
Z exp(Y]" (w)) < Dy exp (7" (Zw))
z/=x0"Tn & T=Tn41°Tm—1] Pl¥y =

S

v~

=exp(3_1_g 108 Uj 1 (m—i)(072))

C Y expt(@w)).

z'=x0Tn

IN

Since p is a Gibbs measure for v, there exist constants C;,Cs > 0 such that for
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any m(z) =z and n > 1:

Crexp(¥it(z)) < plzo - 2,] < Crexp(¥i™ (2)).

Summing over strings zg - - - x,, corresponding to 7(x) = z gives

v(zo- - 2n)

CISZ

T'=x0-Tn

and hence
ﬁ V[Z() e Zn] <
C ~ exp(y(z) T

Therefore v is a Gibbs measure for 1.

6.2 Proof that v, is Well Defined

In this section we will demonstrate that 1y is well defined and prove properties of

the variation of ¥,. While the details are quite technical, the underlying principles

are straightforward. We explain them in terms of the following three definitions,

which help us quantify how accurate an approximation the function w;,, ,(2) is to

the limit u(z).

Definition 6.2.1. A, (z) := [min; , w4 wn(2), MaX w U w o (2)]

We will show that, for any z € ¥s, A, (2) is a nested sequence. Earlier we defined

u(z) to be the limit as n tends to infinity of the sequence u;, ,(2), claiming that

the limit is independent of j and w. Once we have shown that A, (z) is nested, u(z)

being well defined will follow from the diameter of the intervals A, (z) tending to

zero. For technical reasons it is easier to study A,(z), defined as follows.

Definition 6.2.2. \,(z) := sup {% cw,w' € 3,4,5 € A} )
J W, A=
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If we can show that \,(z) converges to 1 for any point z, this will imply that the
diameter of A, (z) tends to zero, giving the existence of u(z). In fact we prove that

the following quantity tends to one, giving the existence of u(z) for all z € 3.

Definition 6.2.3. )\, := sup, .y, \n(2)

In order to prove properties of the regularity of 15, we note from the definition
that ;. ,(2) actually depends only on z - . So A, (2) only depends on zj - - - 2y,
and if z and 2z’ agree to n + 1 places then A,(z) = A,(z'). Then the nestedness

of A, ensures that u(z) and u(z') are both contained in the interval A, (z). Hence

[¥2(2) = 1a(2)] < log(An(2)) and so vary1(¢s) < log(An).

This section is dedicated to proving that A, — 1, and hence that 1 is well defined. A
key lemma in the proof, lemma 6.2.3, will be used later to obtain rates of convergence

of A\, which give the variation of 5.

Lemma 6.2.1. The sequence of intervals A, (z) is nested.

Proof. From the definitions of u;, ,(2) and u; ., »+1(2) We observe that

Zi numerator (s, jwn(2)). exp(i1(jw))

Zj denominator(uy, juwn(2)).exp(¥1(jw))
< MaX U, u n(Z)

T,

uj,w,n-‘rl (é) =

Zk 10k

where the second line follows because < maxg=1, {%}
Zk 1 bk by

The same observation works for the minimum. OJ

To demonstrate that A\, — 1 we define a probability vector which allows us to

express the function wu;,, ¢ in terms of functions u; v, for n < s.

Definition 6.2.4. Let 0 <n < s, j,z, € A be fized. Let T be some choice of word
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Tpat - - Ts compatible with x,,. We then define

D ey Doty DY (2T W)

s+2

P2 (g, 7, w) =
Zg’:xl---strlj eXp( 1 (E/w»

By construction, this is a probability vector over choices of x,, and T, it can be seen
as the probability of that a word y; -+ yey1j € II7 (21 -+ - 2540) has y,, -+ ys = T,T
for some notion of probability arising from ;. In the limit as s tends to infinity
this probability is in terms of measure the pu. Note that by Hypothesis 6.0.1 there
is always some choice of 4 linking z, to j and so PG+27)(Z, j, w) is never zero for T

compatible with z,,.

Definition 6.2.5. Given x,,, T = T,41 - Ts, w and j we let w™*® be the concate-
nation Tw for the value of 541 which maximises Uy, z2wn(2), where & = x5415. We

let w™™ be the string 2w which minimises Uz, Fiwn(Z)-

In the case that v, is Markov, it is easy to express u; ynt2 USINg terms uj v, and
from this one can show that A, (z) contracts. In the non-Markov case it is more

difficult, but the following inequality is sufficient to show that A\, — 1.

Lemma 6.2.2.

Tn
uijys"rQ (g) S Z Z uxmfwm‘”,n (E)P(S+2’n) (xna f? j) w) .

Tp T=Tpil1Ts

7

Proof. By definition, the numerator of u; , s+2(2), whichis ) zw)),

T=T0 Ts4+1] exp(

can be written

> Zn Zn Z exp(Yi T (@Tiw)) exp(¢] 2 (TEw)).

Tn T=XQTn T=Tpt1Ts T=Ts41]

We have used {13 (2Z2w) = ¢ (2Zdw) + 2" (Tiw). We can further rewrite
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this as

S i i (Zﬁlxo...mn eXp(le(@:%w)))
Tp T=Tnp41'Ts i:xs+1j Zz;l:xlitn eXp(dJ? (zlfi‘w)) .

~~
uzn,iiy,n(i)

Tn

< |3 epp@Tiw) | ep? (@),

T'=x1Tn,
7

-~

s+2 — A
Sty g P (@ TEw))

Now we wish to move the summation over Z to the second bracket, but we note that
the first bracket is not independent of . However using w™®* as defined above we

can get an inequality.

I (e DU (2T ) 2y
RIS (2% exp<w<zmmax>>> Y Y eaiwn

- ! —
Tp T=Tp4+1-Ts LT=T1Tn T=xs11] 2'=x1-Tn

' .

~
Uy e n (2) numerator(Ps+2:7(xy, 7,j,w))

So by dividing by the denominator of u;, s1+2(z), which equals the denominator of

Pt (g, T, 4, w), we see that

ujws-i-? < Z Z uxn xwmaxn< ) PS+2n(xnafajaﬂ)'

Ty T=Tp41Ts

We note that the only dependence on j in the above is in P*™2"(x,. T, j,w), in

particular, all the summations are over sets which are independent of j. O

Corollary 6.2.1.

ujaﬂas-l-Q(g) < an Zx =Tp41Ts Inafwm”m(g)P(s—i_z’n) (l’n, faja w)
ujﬁwﬂsﬂ(é) an Zx =Tyl Ts Uy, T ™in n(é)P(SJrz’n) ((’En,f, j/7w/)) '
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This follows from using w™™" in the previous lemma for the denominator.

We are finally able to state a lemma giving that A, tends to zero at a certain rate.
This is crucial in showing that vy is well defined and for proving properties of the

variation of .
Lemma 6.2.3. Suppose that for all j,7" € T (z,),w,v € ¥y, s >n + 1:

uj,w,s—&—?(é) an Zx Tpg1-Ts U, Fwma, n( ) PS+2n<xn7x j7 ) .

uj’,g,s+2(§) zfn Zzn Tyl Ts Up,, Tomin n( ) Ps+2n(xn7 x j U)

2, =
(@, T,

) =
Pst2n(z,, 7, j',v)

2. there exists ¢ € (0,1) with ¢ <

vxnafaja kvwvyas >n; and

Ug,, Twmax n (2)

Ug,, Fomin p g)

< eXp(2 Zz:s—n vark (1/}1))

Then

YD) o (2 3 vark(¢1)> +(1—¢). max (“Jw_n(i)) |

Ujtv,s+2(2) o 3w \ U n(2)

We have already shown in corollary 6.2.1 that the first condition is satisfied, the

proof that conditions 2 and 3 are satisfied is at the end of this section.

Proof. To simplify notation, we fix z and rewrite >, >32" asd ., letting d
represent z,, ¥ and I represent the finite set of possible choices of x,7. We are going
to represent the above summations over ¢ € I as the dot product of vectors with

entries corresponding to symbols ¢ € I. Recall that we defined

Tn Ts s+2 —
P(S+2’n) (1;77,7 T, j7 M) = z£:$1"'$" ZCE::BS*U Xp( (xxxﬂ)) )

Zl/le'"ms-ﬂj Xp( S+2(x/w>)

which can be seen as the probability of picking the particular choice of z,%, or

with our new notation, the probability of picking ¢ € I, given 7 and w. Writing
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PE+20) (g, T §,w) = PEY2M (i 5 w) for i corresponding to the correct choice of

xp,T, we construct the probability vector P, indexed by ¢ € I, by

Py(i) := P27, j,w).

We let A be defined by

A(Z) = a; = (ulh’iHmaz,n)
for x,,, T corresponding to ¢ € I.
Then we can rewrite the summation u;, s42(2) = P - A.

We define P, and B by replacing j with 7/ and w with w’ in the definitions of Py
and A. The technical conditions of Hypothesis 6.0.1 ensure that replacing j with j’
does not affect the possible choices of z,%, and so Py, P», A and B are probability

vectors indexed by the same set I. Hypothesis 1 of lemma 6.2.3 now becomes

uj,y,s-‘r?(g) < P - A
uj’,w’75+2<§> ~ P B’

where, under Hypotheses 2 and 3 of lemma 6.2.3, there is a universal constant ¢

Pi(d) ggg <exp(2),_, ,vary(ir))

Pa(1)

such that ¢ < , and

Ujwn(2)

) > exp (2>, _,_, vary(¢)), otherwise
Ujt v (2)

We assume that max; j (

Ujr p s12(2) G ww \ Ujr o (2)
® Ujwn(2)
< cexp |2 varg(vyr) | + (1 — ¢) max (;)
( k;n g ww \ Ujr yn(2)

as required.

Now we use ¢ to write
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(CPlB)+((P2—CP1>B>

Ujw,s+2 (é)
Ujr p,5+2(2)

<

noting that P, — cP; > 0. We will use 1 to represent a vector of all 1s of length |I|.
Now A <exp (23 ;_,_, varg(i1)) B, so

Ujw,s+2(2) < (C eXp (2 D hesn VATk ¢1)) ) (1—=c).P-A)
Ujrost2(2) T (c.P,-B)+ (P, —cP,) - B)
(c.exp (235, vark(vn)) Py - B) (1 =¢).P - 1. max;(a;))
- (c.P- B)+ ((Py, — cPy) - 1 miny(b;))
(c exp (2 > e, Vary wl)) Py - 1 min,( Z)) + ((1 —¢).P; - 1. max;(a;))

- (c.Py - Tming(b;)) + ((Py — cPy) - 1 miny(b;))

rrjr}j—Z((Z;)) > exp (234 _, vark(vr)),

and so shrinking terms on the top and bottom which are similar leads to more weight

The justification for the last step is that we assumed

being given to those which are dissimilar. This is just the statement that if - < 32

then
aay +az a1+ as
Oébl + b2 bl + b2

for any a € (0,1).

Of course, P, -1 = P, -1 = 1, since P, and P, are probability vectors, so we can

divide by min;(b;) to get

uj,y,erZ(é) ¢. CXp (2 ZZ:s—n vark (¢1)) + (1 - C)r;?zzggzl))
Ujrysr2(2) T c+(1—-c¢)
- Ujw n(g)
= cexp| 2 var + (1 —¢) max | 2222 )
(2,32 o) 10 s (122

The previous lemma was useful to us as it allows us to prove the following corollary.

113



Corollary 6.2.2. Given s,n € N with s > n we have

s

As+2 < C.exp (2 Z Ua?"k(%)) + (1= c)An.

k=s—n
Proof. Using the conclusion of lemma 6.2.3 and taking the supremum over all choices
of j,w, 7" and w’', we get

Ast2(z) < c.exp (2 Z vark(z/)l)) + (1 = c)\u(2).

k=s—n

Then since each A, is finite we can take suprema over z and the corollary is proved.

]

In particular, for any n and any ¢ > 0 we can choose s sufficiently large so that

exp (235, vary(¥1)) < ’\"2(5). Then

Asta(2) < (1= 2)An(2),

and iterating we see that ), tends to one and so v := logu is well defined and

continuous.

This proves the first part of theorem 6.0.1, that if u is a Gibbs measure and II is a
map satisfying Hypothesis 6.0.1, then the image measure v is a Gibbs measure, under
the assumption that the three conditions of lemma 6.2.3 are satisfied. Condition 1

was proved in corollary 6.2.1 and we prove conditions 2 and 3 now.

Lemma 6.2.4. There is a constant ¢ > 0 such that for all s,n € N with s > n,

z € Yo, and for all choices of x,,,T, 7,7, w and w',

P20 (1 T, jw)
c < - .
o P(5+2v”)(xn,f’]/,w/)
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Proof. We can write

S s Dot XD (2T W)
7 ~ .
Zg’:x’ln-x’ Zzs Ts+1] eXp( s+2 (.CE/.Z'M))

P(S+27n)(ajn7f7 j? w) -

K]

We consider first the numerator. Given a choice of T, changing j can only affect
possible choices of x,,1. There will always be at least one choice of x4, linking x4
to j by Hypothesis 6.0.1, and there can be at most |A|. So the number of terms
in the summation for different choices of j can differ by a factor of at most |A|.

Furthermore, given x = x¢ -, T = Tpy1 - - X, T, 2, 7, 7', w, w’, we have by lemma

6.1.1 that

exp(¢;?(aTiw))  exp(yf(zTiw)) exp(ihi(

tw))
o0 arE)) el exp(ufa)) = O PR

)

Making identical calculations for the denominator we see that the lemma is proved

with
1
|A|2C? exp(4varg (1))

CcC =

We now need only to confirm that the third condition of lemma 6.2.3 is satisfied.

Lemma 6.2.5. —infw™n exp(2Y . varg(iy)).

an xwmzn n

Proof. We recall that T was some choice of x,, 1 - - - x5. Considering first the numer-

ators, we see that

numerator (U, zumes n)  Dgeag-zn CXP( mH (gmwmer))

(T lamw)

numerator (ty,, zyminp) D g EXP

Comparing termwise we see that o (zzw™") and o* (2ZTw™**) agree to s—n-+(n—k)
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places, and thus for any choice of z,

exp( ?+1 (szmax)) ex 8 var
exp (Y1 (azwmm)) = (kz k(%))'

=s—n

Summing over all choices of z and making the identical calculations for the denom-

inator, the lemma is proved. O

Certain properties of Gibbs measures are dependent on the regularity of the poten-
tial. Some loss of regularity of the potential may be expected when a Gibbs measure
is mapped under II, and in the next section we use the inequalities above to prove
the second part of theorem 6.0.1 giving relations between the regularity of ¢y and

the regularity of 5.

6.3 Regularity of the Potential ¢

This section, in which we consider the regularity properties of 15 := logu, is joint

work with my supervisor Mark Pollicott. The following is our main result.

Theorem 6.3.1. Let £ > 0. If >°°  n*loar, (1) < oo then

Yoo gnfvar, () < oo.

Proof. Let 0 < ¢ < 1 be as in lemma 6.2.4. Choose 1 < f < 1/(1 —¢) and an
integer M > 1 sufficiently large that o := (1 — ¢) (1 + %) (1 — ﬁ)% < 1. Let us
denote a,, = log A, and recall the trivial inequality 1 + z < exp(z) < 1 + px, for

x > 0 sufficiently small. Thus providing N is sufficiently large we can deduce from
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corollary 6.2.2 that for any n > Ny

1+a, <exp(a,) < c.exp
m=[n/M]

n

Z vary, (V1) | + (1 = ¢) exp(an—in/r)

+(1—c¢)+ pc Z vary, (Y1) + B(1 — ¢)an—n/a

< c
m=[n/M]|

and hence that for any N > N,

N N n
Z n“a, < Bc Z n” Z var, (Y1) + B(1 —c¢) Z n"n_fn/m
n=Ng

n=Ny m=[n/M]|

n=Np

(where [-] denotes the integer part )

We can bound

n=DNp =[n/M] n=No m=[n/M]
< MAFE Z n*var, (1)
n=~Np

and

IN

I/\
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where we have used that

N

Z (n — [n/M])" an_fu/nr) < % Z mFa,,

No<n<N m=No—[No/M]
M|n+1

No—1

and Z mFa,, = O(1).

m=No—[No/M]

Comparing the above inequalities we can bound

N
—_
|
=
—
|
o
A
EIH §|H

) Zn an < BeMr T Zn var, (1) + O(1).

n=Np n=~Np

Letting N — 400 we see that Y - ~ N, M@y < 00, which completes the proof. O

When x = 0 we have the following corollary.

Corollary 6.3.1. If >~ jnvar, (i) < oo then Y~ var,(s) < oo

Another application of corollary 6.2.2 is the following.

Theorem 6.3.2. Suppose that there exists ¢4 > 0 and 0 < 61 < 1 such that
vary (1) < 0101/5 for all n > 0. Then there exists ca > 0 and 0 < 0y < 1 such

that var, (1) < 0205/5 for all n > 0.

Proof. By corollary 6.2.2 we can write

A < cexp | e Z oVF |+ (1= )N
k=n—[y]

< cexp (CQ[‘@> + (1 =) A ym

for any 6, < # < 1 and some C' > 0. Using this inequality inductively [y/n] times,
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we can write
An < cexp (C’QMﬂ) +(1—¢) <cexp (C’Q[‘/’ﬂ> + (1 - C))‘nf%/fﬂ)

[vn]
< cexp (C’Q[m> Z(l —o)" 4+ (1— c)[\/m)\n,[\/ﬁ]z

k=0

< exp (09[‘@) + (1 — )Vl

This generalises the results of Chazottes and Ugalde in [CU03], [CU11], and Ver-
bitskiy in [Verll]. In particular, we see that [\, — 1| = O (05/5), where 6, =

max{d, (1 — ¢)} from which the result follows. O

The following is an easy consequence of the theorem and its proof.

Corollary 6.3.2. Assume there exists ¢; > 0 and 0 < 0 < 1 such that var, () <
10" for allm > 0 (i.e. ¢ is Hélder continuous) then there exists co > 0 such that

var, (1) < 20V for all n > 0.

Unfortunately we are unable to improve upon this estimate, and the question of
whether Holder continuity of the potential is preserved under mapping by II remains

open, with the exception of a special case given in the next section.

6.4 Examples and Comments

First we give an example which shows that some condition such as Hypothesis 6.0.1
on the map II : ¥; — ¥, is necessary. It was conjectured in [CU11] that for more
general factor maps Il the image measure v might still satisfy the inequality in

definition 2.2.3 for almost every z. We show that this need not be the case.
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Example 6.4.1. Consider the shift (31,0) associated to the transition matriz

and consider a factor map I1 : ¥ — X9 with II(1) = 1, I1(2) = 2 and I1(3) =11(4) =
3. Let i : ¥1 — R be a Hélder continuous function (such that P(i1) = 0) with
Gibbs measure . We suppose that p1o II71 = v satisfies the inequality in Definition

2.2.8 for almost every z. Then, for almost all w,

n+l e . e
Crexp(¥g ™ (13---3w)) <w[13---3|=u[13---3
and
s 1 DEEIEY . .. DY
Coexp(¥y(23---3w)) > v[23---3] = u[24---4]

If we further suppose that p is a Bernoulli measure with u[3] < pl4], we need only

take n large enough such that

pApE" 2] p[4]”
Cyexp(inf,12(z)) — Caexp(sup, 1a(z))

and we see

¥y (3 -3w) <P5(3-:-3w)

n n

for any w, thus VY is undefined on [3---3] which is a set of positive measure. So
n
there is a set of positive measure on which v does not satisfy the inequality in Defi-

nition 2.2.3, and so v is not a Gibbs measure.
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We now assume that II satisfies the conditions of hypothesis 6.0.1, and consider a

class of potentials for which Holder continuity is preserved under II.

Example 6.4.2. Suppose that 1, can be expressed as
Vi(z) = folzo, x1) + fi(zy, 22) + - -

Then Holder continuity of vy implies Holder continuity of 1.

Proof. Given some choice of wy, the dependence of u;,, ,(z) on the later terms in w

is less than var,(¢1). This is because, given zg - - -z, and w, w’ with wy = wy,

¢1(0i($0 e xnw)) - ¢1(0i($0 e 'Inw')) = Z fn—i+k(wk7 wk+1) - fn—i—l—kz(w;m w§g+1)

k=0

and hence

> amngan 1y XD (zw))
0 Tn—1J < exp Zan itk wk,wk—l—l) fn—i+k(w;g7w;c+l)

+1
Zx T Tp— 1]eXp< 1 (.CL’_ i=0 k=0

This is independent of the choice of z. Thus we have

Ujwn(2) Zx =20-Tn_1] exp(¢iH (zw)) Zz’—wl Tp_1] exp(¢7(z'w'))
Wt i (2) D iy 1 exp(wl (@w) "3y 1y P (zw))
Dty 1y P @w)) Do, exp(] (2'w))
> iy g SPUTTH@W)) Yo,y P (2w))
_ eXP(Ei:o Ek:(] Sr—ivn (Wi, Wey1) — fn—i+k(wk7wk+ )
eXp(E?ﬁ EZZO Sr—ivn (W, Wey1) — froivr(wy, w;<;+1)>

= exp(z fn-i-k(wkv wk-i-l) - fn-‘rk‘(w;m w,;g.t,_l))
k=0

vary, (¢r).

IN

The appearance of exp(2)_;_. . wvarg(i)) in the statement of lemma 6.2.3 appears
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Uj,zw,n (E)

3, zw! ,n (2)

as a maximal value of Choosing s = n + 1 and putting T = wy, the

statement of lemma 6.2.3 now becomes

Angs < clexp(vary (1)) + (1 = ¢)An

which in particular gives that Holder potentials project to Holder potentials. This
generalizes the result in [CU03], where it was shown that Gibbs measures with lo-
cally constant potentials (Markov measures) project to Gibbs measures with Holder

potentials. n

6.5 Comments on the Technical Hypothesis

We recall that, given a set B C ¥, the set A, (B) was defined to be the set of values

of z,, for sequences x in B. Our technical hypothesis on II was as follows.

Hypothesis. We assume that for Il : 3 — Y5 there exists a natural number N

such that for any z € ¥,

1. If Au{z : i = J,1(z) = 2} is non-empty for some m > N, then A, {z :

Tnpm = J, (z) = 2} = A {Il(z) = z}.

2. An{i : H(xan to anrN) = Zp-N ‘" ZnJrN} = An{& : H(&) = E}

Some understanding of these conditions can be gained by considering the non-
homogeneous symbolic spaces of Fan and Pollicott in [FP00]. Let M be the in-
cidence matrix of »;. If for each z we consider the submatrix M, of M given by
rows corresponding to symbols in A,{z : II(z) = z} and columns corresponding
to symbols in A, 1{z : II(z) = z}, then the matrices M, give rise to a non-

homogeneous symbolic space. Sequences x projecting to z correspond to sequences
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{z : M,,(zp, zp+1) = 1¥n € N}. Part (i) of Hypothesis 6.0.1 corresponds to equation
(1) of [FPOO], that there exists an N such that for all j > 0 the product Hf;:]v]\/[n
is a strictly positive matrix. Part (i7) requires that we can determine the matrices

M, by looking only at z,_y - - - z,,y rather than considering all of z.

The topological conditions of [CU03] can also be understood with reference to non-
homogeneous symbolic spaces. In that article, matrices M/ were defined to be the
submatrices of M with rows corresponding to elements of I17%(z,) and columns
corresponding to I17!(z,41). The matrices M/ are larger than our matrices M,,.
The first topological condition was that, for a word z, - - - 2,44 with 2z, = z,.%, the
product of matrices M), - - - M, should be a positive matrix. The second topological
condition was that any word x; - - - x,, projecting to z; - - - z;,, should be extendable to
a sequence x projecting to z, or that no row in any matrix M, should be completely

empty.

Since A = {1,--- ,ky} is finite, we have by the pigeonhole principle that any word
T Ttk +1 Must have at least one repeated digit, and then the two topological
conditions of [CU03| give that M, --- M, x,+1 must be a strictly positive matrix,
and hence imply Part (i) of our Hypothesis 6.0.1. The second topological condition
of [CUO03] gives that any word x; - - -z, projecting to z; - --z, can be extended to
a sequence z € I171(z), which implies part (i) of our Hypothesis 6.0.1. Thus our

topological conditions are weaker than those in [CU03].
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6.6 Renormalization of Gibbs Measures in Statis-

tical Mechanics

This problem fits into the broader framework of the study of renormalizations of
Gibbs measures in statistical mechanics, where one considers a Gibbs measure p on
a space X and a map I : X — Y, and asks about the image measure v = p o 117!
on Y. The map II is called a renormalization map, this term is common among the
statistical mechanics community because of the connections with renormalization
group theory in physics. Certain technical problems in renormalization group theory
were found to be the result of maps II under which Gibbs measures map to non Gibbs
measures and so concerted efforts have been made to understand the conditions

under which this can happen.

In the case that II maps a Gibbs measure p to a non Gibbs measure v, Dobrushin
asked whether any of the properties of Gibbs measures still hold for v. This became
known as Dobrushin’s restoration programme, and has been the focus of much work
within statistical mechanics. Example 6.4.1 gives a negative answer to part of the
programme, but other aspects remain open or have positive answers. For example,
Verbitskiy has shown in a recent article [Ver10] that renormalized Gibbs measures

still satisfy a variational principle even if they are not Gibbs measures.
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