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Abstract

We prove that, given a uniformly locally constant potential f on a countable
state Markov shift and suitable conditions which guarantee the existence of the
equilibrium states i for all ¢, the measures j1;; converge in the weak star topology
as t tends to infinity.

1 Introduction

Given a Markov shift ¥ and a function f : ¥ — R, we denote by s the equilibrium
state associated to f. In [3], Brémont proved the convergence as t tends to infinity of the
sequence of equilibrium states i,y associated to a locally constant potential f on a finite
topologically mixing Markov shift. In statistical mechanics this corresponds to proving
that the equilibrium states of a system of particles at temperature % converge to some
ground state as t tends to infinity. Zero temperature limit laws are also of relevance to
ergodic optimisation, because any limit point of 1y will be a maximising measure for
the function f (maximising [ fdp). Indeed, the first study of zero temperature limits
in the mathematical literature seems to be in [6], where it was used to find so called

extremal measures.

Countable state Markov shifts are the subject of great interest and are models for many
other systems, such as the Gauss map. In this article we extend the result of [3] to deal
with countable state Markov shifts.

In [10] and [4], the results of Brémont were extended to show the convergence of equilib-
rium states ji;¢44 on finite state Markov shifts, where f is locally constant and g Holder
continuous. However, in [5] Chazottes and Hochman gave an example of a Hélder con-
tinuous potential f on a finite Markov shift for which the sequence ;s fails to converge.

In [7], Iommi proved the convergence of equilibrium states p; ¢ for a locally constant
potential f on a countable renewal type shift. In [8], Jenkinson, Mauldin and Urbariski
considered the equilibrium states pi;y associated to Holder continuous f on a countable
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alphabet with suitable conditions to ensure the existence of equilibrium states. They
proved that such a sequence has at least one limit point, and asked whether the sequence
converges.

If the sequence ;5 does converge finding the limit can be useful, and in [8] zero temper-
ature limits were described as the most “physically relevant” maximising measures. In
the case that there is a unique maximising measure, or that among maximising measures
there is one with greater entropy than all the others, the sequence p;y will converge to
this measure (see [13]). In [4], a simple algortihm was given to find the zero temperature
limit of ps for f locally constant on a finite Markov shift. However in [1] an example
was given to show that, in the case of Holder continuous functions for which the zero
temperature limit exists, the limit can behave strangely as f varies.

In this paper we consider uniformly locally constant potentials on a countable Markov
shift under suitable conditions as given in [8] to ensure the existence of equilibrium
measures fi;¢ for all £. We prove that the equilibrium states ;¢ converge as t tends to
infinity and that their limit can be found by first reducing to a finite Markov shift and
then using the algorithm given in [4].

2 Set Up

We let A be a countable set and M be a matrix of zeroes and ones indexed by A x A.
We define the two sided topological Markov shift (2, o) to be the set

Yo={zxc A" M,,, =1VicZ},

iLi+1

coupled with the shift map o : ¥ — X, (0(x)); = (2);41. We further define the cylinder
set [wo,---,7,] to be the set of sequences y = (y;)2_., in ¥ such that yo---y, =
:L‘O DR xn‘

Given a function f: ¥ — R, we define the nth variation of f to be

varn(f) = sup{[f(z) = fW)] : 2—n - 20 = yn - yn}.
We define a metric on X by

d(z,y) = 27 SPINTNaN=yoN N,

f is Holder continuous if there exist ¢ > 0 and 6 € (0, 1) such that var,(f) < 0™ for all
n € N. f has summable variation if " " var,(f) < oo and is called uniformly locally
constant if there exists an n for which var,(f) = 0.

Given a function f : ¥ — R, we define the topological pressure of f:



where a is any element of A and f*(x) := >_7_} f(0*(x)). This definition is independent

of a and satisfies the variational principle:

P(P) =sup{h(u) + [ fdp < o0s e M, [ fdu> —oc),

where h(u) denotes the metric entropy of g and M the set of ¢ invariant Borel proba-
bility measures on ¥, see [14] for details. M is equipped with the weak™ topology, we
say p, — p if and only if for every bounded continuous function f : ¥ — R we have
Js fdpn — [ fdp, as in [2]. We call p € M an equilibrium state for f if

P(f) = hip) + / fdu < oo,

We call p the Gibbs state associated to potential f if there exist constants Cy,Cy > 0
such that for any x € ¥

plzo, -+ 5 T
exp(f™(z)) —nP(f))

We define piy to be the Gibbs state associated to potential f. In the case that A is
finite and f has summable variation, equilibrium states and shift invariant Gibbs states

C; < < (Y

conincide. The situation for countable alphabets is more complicated, see [12] for details,
but our conditions will ensure that for all ¢ > 2, j;¢ is both the invariant Gibbs state
and the equilibrium state for ¢f.

We call functions f and f’ cohomologous, writing f’ ~ f, if there exists a ¢ : X — R
such that f' = f+ ¢ — ¢ o 0. If there exists a constant ¢ such that f ~ f' + ¢ then

jp = -

By recoding the shift and adding a coboundary if necessary, it is possible to assume that
for a uniformly locally constant potential f we have f(z) = f(zoz1).

We say a Markov shift ¥ satisfies the big images and preimages property (BIP) if there
exists a finite set by, --- ,by of elements of A such that for any a € A there exist i, j
with MbiaMabj =1.

It was shown in [11] and [15] that for a potential f with summable variation and finite
pressure, BIP is necessary and sufficient for the existence of an invariant Gibbs measure
iy associated to f. In our case that f(z) = f(xoz1), summable variation corresponds
to

sup{|f(z) — f(y)] - o = yo} < 0.
BIP and summable variation coupled with finite topological pressure imply that

Zexp(sup fla) < oo.
€A
Then for all ¢ > 2 we have

> " sup(tf|) exp(suptf|) < oo,
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(see [13], Lemma 3.1) which ensures that p is also an equilibrium state. We now have
enough conditions to ensure the existence of p,; for all ¢ and to state our theorem.

Theorem 2.1. Let ¥ be a Markov shift satisfying BIP and let f : X — R be uniformly
locally constant with summable variation and finite topological pressure. Then the equi-
librium measures iy exist for all t > 2 and converge in the weak™ topology as t tends to
nfinaty.

It is known that in the case of a finite alphabet Markov shift and locally constant
potential the zero temperature limit exists. Our method will be to relate p;s to the
equilibrium states 14y of f on some finite subshift ¥’ C X and argue that, for any
bounded continuous ¢ : ¥ — R, uir(9) — vip(glsy) — 0 as t — oo, thus allowing us to
use the convergence of the 144 on the finite subshift to imply the convergence of of the
s on the countable subshift.

3 Recasting the Question

In this section we recast the question as one about the convergence of ratios of certain
sums. It was proved in [9] that, given any pair (X, f) for which f has an equilibrium
state s, there exists at least one measure p for which

/fduza(f):=sup{/fdm:m€/\/l}-

Such a measure is called a maximising measure and the set of maximising measures
is denoted M,q.(f). It was further proved in [9] that there exists some f' ~ f with
f'(z) = f'(xoz1) and f' < a(f)'. For ease of computation we replace f with f' — a(f),
without affecting the equilibrium states of f. We now have that a(tf) =0 and tf <0
for all t € R.

The conditions ), , exp(sup f|;;) < oo and sup f = 0 imply that there exists a finite
subset I = {iy - - - iz } of A upon which sup f|;; = 0, and that there exists a constant d > 0
such that sup f|;; < —d for all 7 not in A. All maximising measures have their support
contained in U;e[i]. It was proved in [8] that all the accumulation points of the sequence
of equilibrium states p;¢ are in the set M,,q,(f) and hence that lim; oo pup([in] U - -+ U
[ix]) = 1. Finally, it was proved in [13] that any limit point of p;¢ has entropy equal to
h :=sup{h(m) : m € Mpa.(f)}.

We split I into components, letting ¢ and 7 be in the same component if there exists an
ergodic maximising measure giving positive measure to both [i] and [j]. There exists at
most one measure m with A(m) = h on each component, and thus any limit point of

n fact, in [9] the authors worked with functions of summable variation, but if f depends only on 2
coordinates then the ¢, of Lemma 4.2 of their paper depends only on one coordinate, and this property
is inherited by the ¢; of section 5. Composing with the shift we get a coboundary depending only on
2 coordinates. We thank Oliver Jenkinson for explaining this point to us.



ey must be a convex combination of these maximising measures of maximal entropy.

This reduces the problem of showing that 1y converges to the problem of showing that
pelal
ft £ (0]

limy o exists (possibly being infinite) for all a,b € I.

Given aword a = aq - - - v, we define pu() = pfag - - - ] and f(a) := 3272 f(o*(ag - - - ).
Then the Gibbs inequality guarantees that, for a closed loop v based at ~,, we have

per[y] = pegyo) exp((tf — P(tf))(7))-

Since p 5 is a probability measure, the above equation can be phrased as saying points
in [a] follow path v with probability exp((¢tf — P(tf))(7)).

Now let a,b € I. For each t, pslal, pes[b] > 0 since pu s is a Gibbs measure and hence
fully supported. Then the set

A:={xz € ¥: x, = a for infinitely many positive and negative n}

has y1,5(A) = 1, because A is a o-invariant set of positive measure and o is ergodic. So
peflB] = pues ([ N A).

We enumerate (7;):2, the set of loops {y = 2,,2; = a iff j € {1,n}} and let {(v;)
be the number of symbols in the loop ;. Then A is partitioned by the set {o*[y;] : i €
N,1 <k <I(v)}, and so [b] N A is partitioned by the set

{o" ] 11 € N,1 <k <U(m), 0[] € ]}

We let N (b, ;) denote the number of occurrences of the symbol b in loop ;. Then

oo ()

o0 = D0 g (0 il)-xw (0" [a))

i=1 k=1

= DbV ()

=Y suslal exp((tf — Pog) (3))N (b, %),

i=1

and hence

= S et~ PN 7).
Now (7;)22, is the set of all loops from a to a which have no occurrence of a in the
middle. Loops ~; which do not pass through b do not effect the above equation and we
disregard them. All other loops ~; can be split into three pieces, a path from a to b with
no intermediate occurence of a or b, N(b,;) — 1 loops from b to b with no intermediate
occurence of a or b, and a path from b to a with no intermediate occurence of a or b.

For 7,5 € {a,b} we denote by {«a : i — j} the set of paths & = a3, -+, a,, with
a; =1i,ap, = j,o; ¢ {a,b} fori € {2,--- ;m — 1}. Then
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b > '
il S [ exnltf = @) ) [ 3 exa((tr - Py)()
Hef [CL] n=0 aza—b a:b—b
< (Z exp((Lf — B»(a))) .
ab—a
b
Each of these summations is a sum of positive terms. The finiteness of th [[a]] guarantees
tf

the finiteness of each summation, and so the sums must converge. This guarantees that
the following is well defined, for 7, j € {a,b} we define

vy = Y exp((tf - By)a):

aii—jEN

From above we have

paglb] phopt (Z(n+1)(pib)”)

n=0
_ DaPha
(1 — pp)?
Similarly
perlal  PayPha

peglb] (1= pha)*’
and so dividing through we see that

peglb] 1 — pag
purlal 1 —pj,

Thus we have reduced the problem of showing that the p,; converge to showing that the

t
aa

t

ratio converges for each a,b € I. In the next section we define a relevant finite

bb
Markov shift and use the above form for the measure to compare equilibrium states on
the finite shift with those on the countable shift.

4 A related finite Markov shift

The following three definitions define a finite Markov shift upon which equilibrium states
for tf approximate fu..

Definition 4.1. Given X, f and ¢ € R we define X, to be the subshift of finite type X
restricted to alphabet {i € A such that sup,c;{f(z)} > c}.

Definition 4.2. We let ¢ > 0 and N € N be constants such that for each a,b € I:



1. There exists a loop v in ¥ passing through a and b with f(v) > —c and () < N.

2. If there exists a loop 7y in ¥ passing through a and b and avoiding some set I' C I,
then there exists such a loop with f(y) > —c and I(y) < N.

3. The connected component of ¥_. containing all of I is topologically mizing.

Such constants exist because [ is a finite set and Y satisfies BIP.
Definition 4.3. We define ' to be the path connected component of ¥_r. with vertices
including all of the elements of I.

(X', 0) is topologically mixing. We denote by v the equilibrium measures of ¢ f|ss. The
term P(tf) is now ambiguous, we let P,y denote the topological pressure of the potential
tf on ¥ and Qs denote the pressure of ¢tf on X'. Py > Qyy.

Defining ¢f; = >, . ;es exXp(tf — Qir)(a)), the analysis of the previous section yields

th[b] _ 1_qz§m
vislal 1 — g,

b
Now the convergence of i [[ ]], which is the main result of [3], ensures the convergence
Virla
1—¢ ‘ b
of —q‘za We will use this to prove the convergence of +¢ and hence of tay [V :
L —qy L —py, fuerlal

4.1 Convergence

In order to prove asymptotic convergence of 1 —pk, to 1 — ¢., we need lower bounds on
1—pl, and 1 —¢!,. The probability, with respect to jus, that a path from a returns to
a eventually is one. We split this into p!, the probability that a path from a goes to
a without passing through b, and p,pi, > > ,(p},)", the probability that a path returns
to a passing through b at least once. So

[e%s) t it
¢ t ot t \n t PapPra
pr— _— 1
Paa T PabPha §(pbb) Daa T 1—pl,

We recall that by the definition of ¢ there exists some path v from a to a passing through
bwith f(7) > —cand I(y) < N. This path is included in the summation pl,p}, > > ph,,

SO
)

1 = phy = Dol Y ()" = exp(—tc — N Pyy)
n=0

t
The same arguments work for g;;.



We introduce a third term, rfj, for summation over paths between ¢ and j, and recall

the earlier definitions for comparison.

vy = ) en((tf - Py)a)

ai—jEX

g = Y, eptf —Quy)a))
aii—jeX!

o= Y, et — Py)(a).
aii—jex’

We have r{; < p; and r}; < gj;. We use the following technical lemma, the proof of
which is deferred to the final section.

Lemma 4.1. There exists a K € R such that for all t, pt, < r', + K(exp(—3ct)),
phy < i+ K(exp(—3ct)) and ptyph, < riri + K(exp(—3ct)).

t
Now let a(t) =< b(t) mean lim;_, % = 1. The following two simple lemmas prove that

1— t 1 —
Pag Qaa completing the proof of Theorem 2.1.

t

1_pr B I —qy

Lemma 4.2. 1 —p! =<1—r

t
aa’

1—py=1—r1,
Proof: We have that 1 — pf, > exp(—ct — NP,s). Then

t ot .
1< =14+ Poa — Taa < K(GXp( 3Ct)
1—pk, 1—pt, exp(—ct — N Pyy)

¢
1—-r,

giving 1 — pt, =<1 —r! . Identical arguments work for p}, .

Lemma 4.3. 1 —7! =<1—¢.,, 1 -1}, <1—4¢,.

Proof: Since P,y > @5 we have immediately that 1 —rf > 1 —¢f,. We consider the
other direction.

Now using Lemma 4.1 we have

PavPha — K (exp(—3ct))

1 —pt, + K(exp(—3ct))
1— K (exp(—3ct)
PabPha
K (exp(—3ct))
1—p,

t .t
t TabTba
aa t -

r Pha — K (exp(—3ct)) +
K (exp(—3ct))) N PhPha
Pha L—piy \ 1+

S (pt N p’;bpia) ( 1 — K(exp((3c — c)t))
t

w1, 1+ K(exp((—=3c+c¢) )))
= 1— o(exp(—ct))

= p2a<1 -

t .t
So substituting ¢, + % =1 gives
1 —qp
Tt T,t t 4t
Tfm + 1ab—b(tl = ttza + % - 0(6Xp<—0t)),
— T —



and so

t .t t .t
qabqba rabrba
R + + o(exp(—ct)).
l—q, 1-1y

t ..t t .t
Tab"ba < 40b9pa
t

T < we have
— Ty L=y

Then, since

1 =15, < 1—qg, + o(exp(—ct)).
Finally using 1 — ¢!, > exp(—ct — NP;;) we conclude that
1—7“2ax 1—q2a.
as required.

Then
pepld] 1 —=ph, _ 1=rty _1—qu,  vil[b]
firs[al B 1 —pl A 1—rg, A 1— gy, B vislal

ey [b]

s [al

which converges, and so the limit lim;_, exists, giving us finally that lim,_. ju:¢

exists and proving Theorem 2.1.

The exact value of lim;_,. 145 is given by an algorithm in [4] which terminates after
finitely many steps. Then since lim;_. ft;f is the same, we have that the zero temper-
ature limit for the countable case can be given by reducing ¥ to ¥’ and then following
the same algorithm.

5 Proof of Technical Lemma

Lemma 5.1. There exists a K € R such that p', < r + K(exp(—3ct)), pl, < iy +
K(exp(—3ct)) and plyph, < riyri, + K(exp(—3ct)) for all t.

Proof: We prove the inequality for p._, the same argument works for p}, and a similar
one for pl,p} .

For any path a : a — a we let n(a) be the number of occurrences of elements of I in
a. We define the set X, to be the set of possible sequences a = 41,72, ,%, = a of
elements of I in paths « : @ — a with n(«) = n. Then, writing « : i, — i for paths
a from 7 to g1 not passing through any other element of I, we have

Pha = > . ST exp((tf - Py)(a)) | and

n i1, ,in €XY, k=1 Qi =i+ €D

DD > el(tf — Py)a)

nok=1 it =41 €Y
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We define
n—1
pham) = > I Y. ep((tf = Pyp)(a) |,
i1, ,in€XR, k=1 Q=41 €D

this is the summation p., restricted to those paths o with n(a) = n. We let 7% (n) be
defined similarly. We define
aa (1)

e(n) = m

> 1
0<pty—rty =S pha(n) (1 - —)
2 e

We claim that there exists a K3 such that for n € {r|I|,r|I|+1,---(r + 1)|I| — 1},

Then

L. pl.(n) < (1—exp(—ct — NPy))"
2. €(n) < (1+ Kyexp(—bct))” for r > 1

3. €(n) < (1+ Kyexp(—bet)) forn e {1,--- ,|I| — 1}
Then
pZa - rfza = ipfm(n) (1 - L)
n=1 e(n)

D Dha(n) (e(n) = 1)

IN

11> (1 —exp(—ct = NPy))" (1 + Kz exp(—5ct))” — 1)

r=0

IA

|1 |1
1 — (1 —exp(—ct — NPy))(1 4+ Kyexp(—5ct)) exp(—ct — NPy)
1| |1

exp(—ct — NPy) — Kyexp(—bct))  exp(—ct — NPyy)
< K exp(—3ct)

IN

It remains only to prove claims 1, 2 and 3.
Proof of claim 1:

To find an upper bound on pf,(n), we infact find an upper bound on 27 pi,(j). By
the definition of ¢, there exists for any ¢, a closed loop v based at ; passing through
a, avoiding b, and with f(y) > —c,I(y) < N. We can remove any subloops from =
without decreasing f(y) > —¢, since f < 0. Then ~ contains a path from i) to a passing
through at most |I| elements of I. Elements of [i)] follow path v with (p:f) probability
exp((tf — Pi)(y)) > exp(—ct — NP;s). Then in particular, the probability that an
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element of [i] passes through at most || elements of I before returning to [a] is greater
than or equal to exp(—ct — NPyy). So Y o, pha(k) <1 and

Z pZa(k> < (]‘ - eXp<_tC - Nptf)) ZpZa(k>7
k=m+|I| k=m

giving that for n € {r|I|,r|I|+1,--- (r +1)|I| — 1},

pZa(n) < Z pfw(k) < (1 - eXp(_tC - NPtf))T
k=r|I|

Proof of claims 2 and 3: We recall that P,y decreases to h, the maximum entropy of
any maximising measure, and that d > 0 is such that sup f|j; < —d for all i ¢ I. We
let T" be such that Pry < h + d, and have that for all t > T,

—d < P(t+1)f — Ptf < 0.

We consider (tf — P,y) evaluated along a path a = ag - - - v, 1 iy = g1 € X\ X, m > 2.
We have f(apar) < 0and f(apa,41) < —d for 1 < n < m, because «, is not an element
of I for 1 < n < m. Furthermore, since o € 3\ ¥/, there exists at least one n for which
flapani1) < =Tc. So

(t+1)f - P(t+1)f>(04) —(tf = PFg)a) = (f— Py + Ptf)(a)
m(Pyy — Pirayy) + fla)

< md—"Tc— (m—1)(d)
= —Tc+d
< —6¢

for t > T. Then defining

Ky :=exp(6cT) sup Y exp((Tf — Pry)(a))

kothk1 it i1 €EX\X/

we have that for any choices of iy, 7,1 and for any ¢ > T,

Y. exp((tf — Py)(a)) < Kyexp(—6et)

Qil g1 EZ\E/

Now by the definition of ¢ there exists some path 3 : i, — ix; € X' with f(5) > —c.
So fort > T,

Y. ep((tf — Py)(a)) < Kyexp(=5et) Y. ewn((tf - Py)a)

a:ik‘—>ik+162\2/ a:ik‘—>ik+1€z’

11



giving

Y. ep((tf = Py)(a)) < (14 Ky exp(—=5et)) Y. ewn((tf - Py)(a)

Qi =i+ €EX il —lp41 €Y

So for any n € {r|I|,r|I|+1,---(r+1)|I| — 1} we have

Paa(1) < (14 Kjexp(—5ct))"

Tta()
< ((1 + K, exp(—5ct))2|[|)r ,

for r > 1, and using K, = 221 K we have

i
paa(n> T
() < (14 Kyexp(—5ct))
Paa(n) :
forr > 1. Forn € {1,---,|I|—1} we have ;”( ) < (14 Kyexp(—>bct)). This completes
rt (n
the proof.
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